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ABSTRACT 


Analytical  methods  are  presented  for  determining  the 
dynamic  stability  and  control  characteristics  of  generalized 
helicopter  configurations*  The  methods  utilize  calculation 
procedures  which  are  considerably  simplified  through  the 
extensive  use  of  information  presented  in  graphs  and  charts* 
These  charts  are  applicable  to  flight  conditions  from  hover 
to  high  forward  speeds. 

The  charts  for  low  forward  speeds  (advance  ratios, 

/i.  <  0.2  )  were  obtained  from  the  rotor  performance  data 
based  on  classical  rotor  theory.  However,  the  high-speed 
charts  (/a  >0.3)  exclude  the  major  assumptions  of  classical 
theory  and  include  blade  compressibility,  stall,  reverse 
flow,  large  inflow  ratios,  etc. 

This  handbook  contains  information  suitable  for 
expensive  digital  and  analog  computer  studies  and  also 
provides  rapid  procedures  for  predicting  helicopter 
stability  and  control  characteristics  for  preliminary 
design  applications. 
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nose  to  the  right,  rad/sec 

area  of  an  aerodynamic  surface,  ft2 

constant  as  defined  in  the  text 

rotor/propeller  thrust,  force  acting  along 
the  shaft  or  control  axis,  lb 

2  2 

t’.  rust  factor  =  /0  7rR  lolR)  ,  lb 
time,  sec 

longitudinal  velocity  component,  along  body 
X-axis,  =  u0+u  positive  forward,  ft/sec 


instantaneous  velocity  vector 
=  ul-t-v'J+w'k  ,  ft/sec 

steady  state,  or  trim  value  of  the  resultant 
velocity  vector  =  -s/uo  +  vo  +  w'o  >  ft/sec 

velocity  of  sound  in  standard  atmospheric 
condition,  ft/sec 

lateral  velocity  component  along  body  Y-axis 
=  v0+*v  ,  positive  to  the  right,  ft/sec 

rotor  induced  velocity,  ft /sec 

aircraft  gross  weight,  lb 

normal  velocity  component  along  body  Z-axis, 

=  Yr0+  w  ,  positive  down,  ft/sec 

longitudinal  force  along  the  body  X-axis, 
positive  forward,  lb 

total  stability  derivatives  of  the  longitudinal 
X-force 

lateral  force  along  the  body  Y-axis, 
positive  to  the  right,  lb 

total  stability  derivatives  of  the  lateral 
Y-force 

normal  force  along  the  body  Z-axis,  positive 
down ,  lb 

total  stability  derivatives  of  the  normal 
Z-force 

amplitude  of  an  oscillation 

remote  wind  angle  of  attack  relative  to  body 
X-axis,  ton-1  (w/u)  positive  nose  up,  rad 
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rotor  angle  of  attack;  angle  between  axis 
of  no  feathering  and  a  plane  perpendicular  to 
flight  path,  positive  when  axis  is  inclined 
rearward,  rad 

blade  flapping  angle  =  a0-a,  cos  \p -b,  sin  f,  rad 

aircraft  side  slip  angle  =  tan”1  (v/u), 
positive  when  wind  vector  is  to  the  right  of 
body  X-axis,  rad 

rotor  dihedral  angle  =  iF-iR,  rad 
Lock  inertia  number  =  /3  0cR4/Ib 
aircraft  climb  angle,  rad 

discriminant,  or  increment,  or  perturbation 
from  trim 

rudder  pedal  motion,  rad 

blade  drag  constants  defining  drag  polar 

downwash  interference  angle,  rad 

constants  as  defined  in  the  text 

blade  collective  pitch  =  J  6C+6S  ,  rad 

pitch  altitude,  positive  nose  up,  rad 

blade  collective  pitch  due  to  pilot  control 
input ,  rad 

blade  collective  pitch  due  to  stability 
augmentation  system  input,  rad 

blade  section  pitch  angle  at  0.75  radius,  rad 

collective  pitch  at  blade  root,  rad 

blade  twist  angle  per  unit  spanwise  distance, 
rad 
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constants  for  solidity  correction  of  local 
stability  derivatives 

operator  =  d  (  )/dt 

rotor  inflow  ratio  =  (V0  sin  ac  -  vj  )/£lR 

rotor  tip  speed  ratio  =  V0cosctc/riR 

constant  as  defined  in  the  text 

constants  as  defined  in  the  text 

constant  =  3.14 

air  density,  slug/ft^ 

summation 

rotor  solidity  =  bc/irR 
constant  as  defined  in  the  text 
time  constant 
phase  angle,  rad 

aircraft  roll  attitude,  positive  to  the 
right,  rad 

rotor  wake  angle  -  a,  +tan -t(-/x/X)  ,  rad 

generalized  body  space  angle,  rad 

vectorial,  angular  displacement  relative  to 
body  X,  Y,  Z  axes  =  <^7 +  9~]  +  v/z'k  >  rad 

blade  azimuth  position,  rad 

aircraft  yaw  attitude,  positive  nose  to  the 
right,  rad 

rotor  angular  velocity,  rad/sec 
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instantaneous  angular  velocity  vector 
=  pi  +  q  j  +r k ,  rad/ sec 
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aerodynamic 

control 

pertaining  to  front  rotor 

effects  of  front  rotor  on  rear  rotor, 
front  rotor  on  fuselage,  etc. 

pertaining  to  gravity 

pertaining  to  rotor  hub 

pertaining  to  inertia 

an  integer  1,  2,  3  ...,  or  i th  aircraft 
component 

pertaining  to  lift 

pertaining  to  rolling  moment 

pertaining  to  pitching  moment 

integers  as  defined  in  the  text 

pertaining  to  yawing  moment 

pertaining  to  initial  condition  or  steady 
state 

propeller 

rear  rotor 

stability  augmentation  system 
horizontal  tailplane 
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tail  rotor 


vt  vertical  tailplane 

w  V7ing 

x  longitudinal  direction 

y  lateral  direction 

z  normal  (vertical)  direction 

Dots  denote  time  rate  of  change  of  variables 
Bars  denote  perturbation  values 
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SECTION  1 .  INTRODUCTION 


; 


The  purpose  of  this  Stability  and  Control  Handbook  for 
Helicopters  is  to  provide  a  systematic  summary  of  methods  for 
estimating  the  stability  and  control  characteristics  of 
generalized  helicopter  configurations. 

The  information  contained  herein  represents  a 
revision  and  expansion  of  the  material  presented  in  TRECOM 
Report  TREC  60-43,  published  in  August  1960.  That  work 
utilized  rotor  performance  data  which  derived  from  classical 
rotor  theory  and  covered  the  forward  speed  range  from 
hovering  to  advance  ratios  of  fj,  =  0.3.  The  present  volume 
incorporates  these  results  up  to  advance  ratios  of  fj,  =0.2 
and  utilizes  recently  published  rotor  data  for  advance  ratios 
ranging  from  ^  =  0.3  to  =  1.0.  The  latter  data  includes 
the  effects  of  rotor  blade  compressibility,  reverse  flow,  and 
blade  stall. 

The  available  rotor  performance  data,  as  discussed 
above,  was  utilized  to  develop  comprehensive  stability  charts 
which  considerably  simplify  the  calculation  procedures  for 
helicopter  stability  and  response  characteristics. 

Helicopter  equations  of  motion  presented  in  this 
handbook  are  derived  without  resorting  to  the  simplifying 
assumptions  of  decoupling  the  longitudinal  from  the  lateral 
directional  degrees  of  freedom.  These  equations  incorporate 
the  contributions  of  the  wings,  the  auxiliary  propulsion 
system,  and  the  horizontal  and  vertical  tailplanes;  they  also 
include  the  effects  of  various  stability  augmentation  systems. 
The  resulting  aircraft  equations  of  motion  can  be  directly 
utilized  for  digital  or  analog  computer  studies. 

Comments  concerning  this  work  are  invited  and  should 
be  directed  to  the  U.  S.  Army  Aviation  Materiel  Laboratories, 
Fort  Eustis,  Virginia  23604. 


SECTION  2.  GUIDE  TO  THE  HANDBOOK 


The  main  objective  of  this  handbook  is  to  provide 
under  one  cover  a  comprehensive  summary  of  analytical  methods 
for  predicting  stability  and  control  characteristics  of 
generalized  helicopter  configurations.  The  information 
contained  herein  is  intended  to  be  used  for  preliminary 
design  purposes,  but  it  is  also  suitable  for  detailed  digital 
or  analog  computer  studies. 

The  handbook  is  organized  in  such  a  way  that  it  is 
self-sufficient.  For  a  given  flight  condition  and  a  config¬ 
uration,  the  complete  set  of  stability  derivatives  can  be 
calculated  and  the  required  helicopter  stability  and  response 
characteristics  can  be  determined.  The  use  of  reliable  test 
data,  especially  for  the  fuselage  characteristics,  is  strongly 
recommended. 

The  various  sections  of  the  handbook  have  been 
numbered  with  a  decimal  system  which  provides  maximum  flex¬ 
ibility  for  revising,  deleting  or  supplementing  any  of  the 
material,  with  a  minimum  disturbance  to  the  remainder  of  the 
volume.  The  following  pattern  was  developed  for  the  numbering 
system: 


Section:  An  orderly  numbering  system  is  used, 

with  numbers  having  not  more  than 
two  parts  separated  by  a  decimal 
point,  e.g.,  3.2  or  10.1. 


Subsection:  Subsections  have  numbers  with  more 

than  two  parts,  e.g.,  3.1.2  or  10.2.1. 

Page:  The  page  number  consists  of  the 

section  number  followed  by  a  dash. 
Example:  Page  3.1-20. 


Figures:  Figure  numbers  follow  a  numerical 

sequence  starting  from  1  for  each 
section. 
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Tables:  Table  numbers  follow  a  numerical 

sequence  starting  from  I  for  each 
section. 

Equations:  Equation  numbers  (where  required) 

follow  a  numerical  sequence  starting 
from  1  for  each  section. 

References:  References  are  located  at  the  end  of 

each  section.  References  are  numbered 
in  sequence  starting  from  1. 

The  overall  organization  of  the  handbook  proceeds  in 
a  computational  sequence  from  the  general  to  the  particular. 
Hence,  the  equations  of  motion  are  presented  before  the  total 
derivatives,  which  in  turn  precede  the  local  and  isolated 
derivatives. 

For  digital  computer  work,  the  general  equations  of 
motion,  Section  4,  can  be  used  directly.  For  analog  computer 
work  or  hand  calculations,  the  stability  characteristics  of  a 
helicopter  are  obtained  by  proceeding  as  follows: 

Determine  trim  conditions  .  Section  5 

Determine  the  isolated 

derivatives  Section  7.5 

Correct  the  isolated 
derivatives  for  rotor 

solidity  Section  7.4 

Determine  local 

derivatives  Section  7.3 

Determine  total 

derivatives  Section  7.1 

Determine  characteristic 

equation  Section  8.1 

Determine  roots  of  the 

characteristic  equation  .  Section  8.5 
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Determine  control. 

derivatives  .....  Section  7.2 

Determine  response 

to  control  input  .  Section  9 

Rapid  methods  for  estimating  the  longitudinal 
stability  of  conventional  single  and  tandem  rotor  helicopters 
are  presented  in  Section  9. 
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SECTION  3. 


DEFINITIONS 


3.1  DEFINITION  OF  AXIS  SYSTEM 

Sketch  1  below  shows  a  right-angled  coordinate  axis 
system  commonly  used  in  stability  work. 


Sketch  1.  Definition  of  Axis  System 

In  analyzing  aircraft  stability,  a  variety  of  reference 
axes  can  be  utilized.  Descriptions  of  various  axes 
systems  are  presented  in  References  1  and  2. 

In  general,  the  choice  of  the  appropriate  reference  axis 
depends  on  the  nature  of  the  stability  problem  and  the 
aircraft  configuration  to  be  analyzed. 

The  most  common  systems  of  reference  axes  presently  in 
use  are: 

(a)  Gravity  Axes 

(b)  Stability  (Wind)  Axes 

(c)  Body  Axes 

The  following  subsections  contain  brief  descriptions  of 
these  axes  systems. 


3.1.1  Gravity  Axes 

Gravity  axes  refer  to  a  right-handed  system  of  Cartesian 
coordinates  with  the  origin  either  fixed  at  a  point  on 
the  surface  of  the  earth  or  at  the  aircraft  C.G.  (moving 
with  the  aircraft). 

In  each  case  the  Z-axis  is  pointing  to  the  center  of  the 
earth  (positive  downward),  the  X-axis  is  directed  along 
the  horizon  (positive  forward),  and  the  Y-axis  is 
oriented  to  form  a  right-handed  orthogonal  axes  system 
(positive  towards  right). 

The  gravity  or  earth  axes  are  primarily  useful  as  a 
reference  system  for  the  gravity  vector,  aircraft 
altitude,  horizontal  distance  and  orientation.  The  use  of 
these  axes  introduces  certain  simplifications  in  the 
stability  analyses,  in  that  the  linear  velocity  components 
(u,  v,  w)  along  X,  Y,  Z  axes  are  independent  of  aircraft 
rotation  about  the  C.G.  and  are  only  functions  of  air¬ 
craft  translation  and  the  climb  angle  (/c)«  it  follows 
that  in  the  derivation  of  the  equations  of  motion  the 
aerodynamic  force  contribution  is  accounted  for  through 
the  sine  or  cosine  of  climb  angle  ( yc) .  Further 
simplifications  occur  for  level  flight  (  yc =  0).  However, 
the  use  of  gravity  axes  introduces  rather  cumbersome 
corrections  to  aircraft  inertia  terms  and  products  of 
inertia  in  accounting  for  aircraft  rotation. 


3.1.2  Stability  Axes 

The  stability  axes  represent  a  right-handed  system  of 
Cartesian  coordinates,  with  the  origin  located  at  the 
aircraft  C.G.  and  with  the  axes  oriented  such  that  the  X- 
axis  is  coincident  with  the  velocity  vector  and  is  positive 
pointing  into  the  relative  wind.  The  Z-axis  is  perpen¬ 
dicular  to  the  relative  wind  and  is  positive  downward, 
and  the  Y-axis  is  oriented  to  form  a  right-handed 
orthogonal  axi-  system  (positive  to  the  right).  The  use 
of  stability  ax  s  eliminates  the  terms  containing  w0  and 

v0  and  thus  introduces  substantial  simplifications  into 
the  aerodynamic  terms.  In  this  case,  the  only  existing 
linear  velocity  component  is  u,  which  is  independent  of 
aircraft  rotation  (as  in  the  case  of  gravity  axes)  and 
which  represents  perturbation  of  the  forward  velocity 
vector.  However,  the  moment  of  inertia  and  product  of 


inertia  terms  vary  for  each  flight  condition.  In  general, 
these  terms  are  assumed  to  be  constant  in  the  equations 
of  motions.  This  limits  the  use  of  the  stability  axis 
system  to  small  disturbance  motions. 

^  In  addition  to  simplification  of  the  aerodynamic  terms, 

*  the  use  of  stability  axes  systems  has  a  specific  applica¬ 

tion  in  correlating  the  theoretically  calculated  stability 
results  with  wind  tunnel  results,  which  are  automatically 
%  resolved  parallel  and  perpendicular  to  wind. 

« 

3.1.3  Body  Axes 

The  body  axis  system  refers  to  a  right-handed,  orthogonal 
system  of  axes  fixed  at  aircraft  C.G.,  rotating  and 
translating  with  the  aircraft.  The  X-axis  is  aligned 
along  a  reference  line  (datum  line)  fixed  to  the  vehicle 
(positive  pointing  forward).  The  2-axis  is  perpendicular 
to  X-axis,  positive  towards  the  bottom  of  the  vehicle. 

The  Y-axis  is  mutually  perpendicular  to  X  and  Z,  positive 
when  pointing  to  the  right. 

The  use  of  the  axes  fixed  to  the  vehicle  insures  that  the 
inertia  terms  in  the  equations  of  motion  are  constant 
(independent  of  flight  conditions);  furt..ermore ,  by 
coinciding  one  of  the  body  axes  with  a  principal  axis  of 
inertia,  certain  products  of  inertia  terms  can  be 
eliminated.  In  this  axis  system, the  aerodynamic  forces 
and  moments  depend  on  relative  velocity  orientation  with 
respect  to  the  body  as  defined  by  the  angles  a  and  /3S  . 

Body  axes  are  particularly  useful  in  the  study  of  aircraft 
dynamics,  since  velocities  and  accelerations  with  respect 
to  these  axes  ere  the  same  as  those  that  would  be 
experienced  by  a  pilot  or  would  be  measured  by  the 
instruments  mounted  in  the  aircraft. 

3.1.4  Choice  of  Axes 


Since  it  is  more  convenient  to  express  the  aerodynamic 
and  gravitational  forces  and  moments  with  respect  to  body 
axes  than  to  express  inertia  forces  and  moments  with 
respect  to  wind  or  gravity  axes,  a  body  axis  coordinate 
system  has  been  selected  for  the  work  in  this  handbook. 

For  this  axis  system,  the  following  definitions  are  made: 
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(a)  Linear  Velocities 


V  =  u  i  +  v  j  +  vk 

In  the  above  definition  the  velocity  components 
u,  v,  and  w  consist  of  the  sum  of  initial  (trim) 
values  u0,  v0,  and  w0  and  of  their  perturbation 
values,  respectively. 

(b)  Angular  Displacements 

X  =  <£i  +  0j+v//k 

(c)  Angular  Velocities  About  C.G. 

u>  «  p  i  +  q  j  +  r  k 

(d)  Forces 

F  =  xT+yt+zk 

(e)  Moments 

M  -X  i  +  M  j  +N  k 


(f)  Moment  Arms 
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3.2 


STABILITY  VARIABLES 


3.2.1  Independent  Variables 


Following  are  the  selected  independent  stability 
variables: 

(a)  Linear  Velocity  Components  (ft/sec)  u,  v,  and  w  - 
defined  in  Subsection  3.1.4(a) 

(b)  The  Angular  Displacements  (radians)  <f>  ,  6  and  - 
defined  in  Subsection  3.1.4(b) 

3.2.2  Dependent  Variables 

(a)  Free  Stream  Angle  of  Attack  (radians) 

H/VTn 

a  =  tan  vu' 

The  perturbation  angle  of  attack  is  given  by: 


(b)  Sideslip  Angle  (radians) 

/3S=  tan  '  u  ' 

The  perturbation  sideslip  angle  is  given  by: 


(c)  Interference  Angles  (radians) 

Changes  of  local  velocity  due  to  aerodynamic  inter¬ 
actions  are  accounted  for  by  the  interference  angles 

€f»€r>€fus  >€w  »€t  >€tr  »€vt  e*c- 
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3.3  ILLUSTRATION  OF  PARAMETERS  AND  SIGN  CONVENTION 


Typical  single  and  tandem  rotor  configurations 
together  with  the  definition  of  parameters  and  the 
illustration  of  the  sign  convention  utilized  herein 
are  presented  in  Figures  1  and  2  respectively. 
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REAR  VIEW  /SHAFT 


Definition  of  Parameters  an.i  Sign 
Convencion  for  l  Compound  Single  Rotor 
Helicopter. 


SECTION  4. 


EQUATIONS  OF  MOTION 


The  generalized  equations  presented  herein  pertain  to 
6  degrees  of  freedom  of  coupled  longitudinal  and  lateral  air¬ 
craft  motions,  about  the  body  system  of  axes  described  in  Sub¬ 
section  3.1.3.  Included  also  in  this  section  are  the 
equations  of  motion  of  various  stabilization  devices. 

The  analysis  is  performed  for  generalized  aircraft 
configuration,  which  may  consist  of  the  following  components: 

(a)  Single  rotor 

(b)  Two  rotors  in  tandem  rotor  configuration 

(c)  Fuselage 

(d)  Horizontal  tailplane 

(e)  Vertical  tail 

(f)  Tail  rotor 

(g)  Propellers  or  jet  engines 

(h)  Wings 

(i)  Various  stabilization  devices 

The  equations  of  motion  presented  herein  can  be 
adapted  to  single  rotor  helicopters,  tandem  rotor  helicopters, 
and  various  types  of  compound  helicopters  by  selecting  those 
aerodynamic  and  design  components  which  pertain  to  the  air¬ 
craft  under  consideration  and  by  eliminating  the  components 
which  do  not  apply.  To  insure  che  generality  of  the  equations, 
all  products  of  inertia  are  retained.  A  detailed  derivation 
of  the  equations  of  motion  is  presented  in  Section  11. 

Hohenemser’s  quasi-static  assumption,  References  1 
and  2,  is  utilized  in  the  analysis.  This  assumption  implies 
that  the  flapping  motion  of  the  rotor  may  be  specified  in 
terms  of  fuselage  angular  motion.  According  to  Reference  1, 
this  assumption  is  valid  if  w^/D,<0.\  ,  where  cut,  is  the 
fuselage  angular  velocity  and  £l  is  the  rotor  rotational 
speed.  Present-day  helicopters  generally  satisfy  this 
criterion. 

From  the  theoretical  derivations  presented  in 
Section  11,  the  equations  of  motion  for  a  generalized  aircraft 
configuration  are: 
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(b)  The  Y-Force  Equation 


Y  =  (V)F+(Y)R+(Y)FUS  +(Yjw+(Y)T  +(Y)vt+(Y)tr  +I(Y)P.  fWsin^cos^ 

i  =1  ' 


w 

+  W  cos  <f)  sin  8  sin  —  (v+ru-pw)  -0 


where 


lF  .[(Lf  cos  A,^  -Yp  sin  A)f.)  sin  (a-cF)  -0F  cos  (a-cF)J  sin  /3« 


+(Lf  sin  AJf.  + Yf  cos  A,^)  cos 


(Y)r  =[(Lr  cos  A,r  +  Yr  sin  A,R)  sin  (a-cR)  -  Or  cos  (a-cR)j  sin  /3j 


+(LRsin  A,  -Yr  cos  A,Jcosj8, 

R 


(Y)Fys=  ^pys  sin  (c*“€Fus)"*Opys  cos  (<*-€pys)j  sin  +  Ypus  cos  fts 
(Y)w=^Lwsin  (a-*w)-Dwcos  {a-cw)j  sin  /3S 
(Y)t  =[lt  sin  (a-€T)-DT  cos  (a-eT)j  sin  /3S 


(Y)vt=-  Dvt  cos  (a-cVT)  sin  /Sg-L^cos  £s 


^Y)TR  =  [YTRsin  (a-cTR)-0TR  cos  (a-cTR)  cin  /3S  +  Ttr  cos  /3< 


(Y)p.  =  YP. 

i  ri 


(c)  The  Z-Force  Equation 


n 

Z  =  (Z)F4(Z)„+(Z)FUS  +(Z)W+(Z)T+(Z)VT+(Z)TR  +Z(Z)p.  +  w  COS  <f>  COS  Q 

i  =  l  ' 

(*r  +pv-qu)  =  0 

where 


(Z)F  -[df  sin  (a-€F)  +  (LF  cos  Alp-YF  sin  Alp)cos  (a-*F)j 
(Z)R  =-[dr  sin  (a-€R)  +  (LRcos  A,r+Yr  sin  A,r)cgs  (a-cR)j 

(Z)FUS  =  “[DFussin  (<*"*Fus)  +  ^-fuscos  ^"€fus^] 

(Z)w  =  -^Dwsin  (a  €w)  +  Lw  cos  (a-€w)j 
(Z)T  =- [Dt  sin  (a-cT)  +  LT  cos (a-eT)j 


(Z)yj=  '■  DVTsin  (ct“€yj) 

(Z>TR=-[DTRSin  '€TR^  T  ^TR  C0S  ^a“^TR^] 
(Z)p.=-[tp.  sin  ip.  +NPj  cos  iPj] 
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(d)  The  Rolling  Moment  Equation  (X) 


Y 


I 

I 


t  -I  (X)j  -1  [(ZJjly.  -(y),!2.  +t£0>  1  +^I 

i=l  i=l  1  '  ' 

t-(  Z)fV‘Y)f^f+(Z)r^-(Y)r^« 

+  (Z)wVWvAw  +Ot^t-(Y)J2t 

+  (Z)  JL  -(Y)  L  +  (Z1  lv  -(Y)  J. 

VT  yvt  vt  ‘VT  tr  tTR  tr  *tr 

^l[(Z)  -(Y)p.iZp^,]  +0^FUS  +<^hubf“^hubr 

i=l  L  pi  pi  pi  i  r 

-p  Ixx+ixz  (r  +  pq)  +  rq(IYY~Izz)  +  IXY(Q"fP) 

+  Ivz(q2-r2)  =0 


where  i  refers  to  the  aircraft  component  and  (  ). 

is  evaluated  by  letting  i  =1,  2,  3,  etc.,  or  the 
appropriate  component  designation. 

Also  (  )x  refers  to  inertia  terms.  Similar  notation  is 
utilized  in  the  pitching  and  yawing  moment  equations 
given  below. 


(e)  The  Pitching  Moment  Equation  (M) 

n  n  r  1 

M-Z(M)  =II(X)JZ  "(ZU*  +(M0)  l  +  Mj 
i=l  1  i=lL  11  11 

M-(X)f1Zf-®f**f+‘»rV(Z)R^r 
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+(X)wVlZ)w^w+lX)T^T-(Z)T^T 

+  W)vt^Zvt-(Z)VT^XVT+W)TR^ZTR-(ZVh^XTR 

t-  Z  [oOp. i Zp -  « Vj ^xP+ M p. ] + mfus  +  M RUB F  +mhubr  +q 

-q  IYY  +lXz^’2_p2^~rP^XX"^22^ 

+  IXYlp+rq)+1YZ(f-pq)s0 


(f)  The  Yawing  Moment  Equation  (N 1 

N  =  Z  IN).  ^[w  ^-Wj.i+lNo^+Nj 

i*l  i=l 

N  =  (Y^ix F-(X)FiYF  +Mr**r_'X  *^YR 

+  (YUxw'(X)w^w  +  (Y)t^t_(X)t^yt 
+  (Y)vt^vt  '(X,vAt  +(Y)tr^tr'IX)tr^ytr 


-r  lzz  +  Ixz(p-qr) -PP^yy'^x' 


4-  1XY(P2  -  q2)  +Iyz^  +  Py)  =0 


TR 
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SECTION  5. 

EVALUATION  OF  TRIM  CONDITIONS 

\ 

The 

trim,  or  steady-state,  equilibrium  conditions  for 

a  helicopter 

can  be  obtained  by  simultaneously  solving  the 

equations  of 

motion  with  all  acceleration  and  inertia  terms 

»: 

set  equal  to 

zero. 

In  order  to  evaluate  the  trim  conditions  for  a 

generalized 

helicopter  configuration,  the  following  design 

parameters  must  be  known: 

(a) 

The  aircraft  gross  weight  W,  lb 

(b) 

The  location  of  rotor  hub  (or  hubs) 

relative  to  aircraft  C.G.  position,  ft 

*xF,fvFJzF  and  ^xR.0R.-0R 

(O 

The  rotor  radii  RF  and  Rr,  ft 

(d) 

The  rotor  solidities  crF  and  crR 

1 

(e) 

The  rotor  rotational  speeds  (ilR)F  and 

I 

(ftR)R  ,  racl /sec 

1 

(f) 

The  blade  Lock  inertia  numbers  yF  ~nd  yR 

and  blade  twists  8 \f  and  0,R 

(g) 

The  blade  mass  moments  of  inertia  MsF 

and  Msr,  slugs-ft 

(h) 

The  flapping  hinge  offsets  eF  and  eR 

(i) 

The  number  of  blades  b,  per  rotor 

(j) 

The  tip  loss  factor,  BT  0.97 

<k> 

The  fuselage  projected  areas,  ft^,  frontal 

AXfus>  side  A„fus  and  planform  AZfu$ 

(1) 

The  fuselage  overall  length  ^Fus ,  ft 

[ 

(m) 

The  geometric,  fixed  incidences  of  wing  iw  , 

j 

tail  \j  ,  and  rotor  shaft  inclinations  relative 

■ 

to  the  fuselage  iF  and  iR 

(n) 

The  horizontal,  vertical  tailplane  areas,  ft^ 

(o) 

The  wing  area,  ft? 

(p) 

The  lift  curve  slopes  of  rotor  blades, 

1 

horizontal  tail,  vertical  tail,  wing,  etc. 

(q) 

The  moment  arms  an^  °f  horizontal 

tail,  vertical  tail,  wing,  tail  rotor,  etc,  ft 

(r) 

The  tail  rotor  tip  speed  R  )TR  ,  and  the 

tail  rotor  twist  (0|)TR 

(s) 

The  propeller  geometry 

I 

- 

i 

5-1 

5.1  TRIM  CONDITIONS  FOR  SINGLE  ROTOR  HELICOPTERS 


5,1.1  Hovering 

The  calculation  procedure  given  below  utilizes  the 
expressions  for  thrust,  constant  inflow  and  coning 
angle  presented  in  Reference  1. 

The  simplifying  assumptions  made  in  Reference  1, 
such  as  constant  induced  velocity,  no  radial  flow, 
tip  loss  factor  Bj  =  0.97,  etc.,  are  incorporated 
in  this  procedure. 

The  vertical  trim  condition  for  hovering  can  be 
calculated  as  follows: 


Tf  =  K  v  W 


where 

Kv  =  fuselage  download  factor. 

CV  [Tf]f 

where 


(T.F.)f=  pi t 


F 


-0.4704X)f 

0.3042 


'oF 


y 

=  (0.2213  075+O.3O42X)j 


5.1.2  Forward  Speed 

The  trim  procedure  for  forward  speed  utilises  the 
performance  charts.  Such  charts,  for  helicopter  high 
forward  speeds,  corresponding  to  advance  ratios  from 

0.25  to  p  1.4  are  presented  in  Reference  2.  These 
ciarts,  as  pointed  out  in  Reference  2,  incorporate  the 
effects  of  blade  stall,  flow  compressibility  and  large 
inflow  angles.  The  low-speed  performance  charts, 
corresponding  advance  ratios  of  ^  <  0.2,  were  obtained 

from  the  results  of  Reference  3  and  are  herein  presented 
in  Section  5. 3. 

The  trim  procedure  for  forward  flight  is  performed  as 
follows : 

(a)  Determine  the  required  design  parameters  for  a 
single  rotor  helicopter  as  specified  on  page  5-1. 

(b)  Establish  the  helicopter  operating  conditions  such 
as  VQ,  (^R)f  ,  (f2R)TR,  p  ,  V$  ,  etc. 

Then  compute 


^F‘  (flR)F 

,  V0+(ftR)F 
Vs 


Mtr  = 


<ftR)TR 

Vn+(ftR) 


(T.F.)f  =[/>ttR2(&R)2  f  !T.F.)tr=  />TrR2(^R)2]TR 


q0  =  T^vo2 


(c)  Obtain  fuselage  lift  and  drag  coefficients  Clfus 
and  Ct:r  r.  for  Opus  then  calculate 


dfus  s  cdfus  axfus»  lfus=  clfusQo  az. 


5.1-2 


(d)  Calculate  the  first  approximation  for  the  main 
rotor  lift  and  drag  coefficients, thus : 

(CL'  ,  _  W-Lfus 

[(T.  R  )o]  F 

C  1  0 

(_D_)  -  -  UFUS 

*  r  "  [CT.R)or]F 

Also  compute  rotor  lift  and  drag  using 


(e)  Using  Reference  2,  calculate  the  chart  values  of 
rotor  lift  and  drag  coefficients  corresponding  to 
rotor  solidity  of  a  =0.1,  thus: 


where 


( A  ct)f  -  af  -0.1 
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»«• 


(f)  Using  the  values  cf  [(CL'/cr)0  ,]f  and  [(CD'/cr)0  ,]F  from 

step  (e)  and  £jjr,  MTp  and  F  from  steps  (a)  and  (b) , 
enter  the  appropriate  trim  charts,  presented  in 
Section  5.3  or  Reference  2,  and  obtain  the  first 
approximations  for  the  following  rotor  trim 
parameters  corresponding  to  cr  =0.1: 

b>0JF  >  °IF  >  b| F«  ^-75p»  Xf,{Cq/ct  )F 

(g)  Calculate  main  rotor  angle  of  attack  ac  and 
rotor  torque  QF  as  follows: 


(h)  Using  XF  from  step  (f)  and  aCp  from  step  (g), 

obtain  the  first  approximations  for  the  following 
interference  angles: 


€fus=  ^ffus  ^an  ac  “  )3T  V 
€T  =  KFT(ton  ac  -  )F 
€tr  =  KFTr (tan  ac  “  jr\ 


where  KFFUS  ,  KFT  ,  KFTR  are  the  downwash  inter- 
ference  factors  discussed  in  Section  7.6. 

(i)  Using  the  trim  parameters  obtained  in  the  steps 

above,  assume  two  values  of  Cmfus  and  calculate 
aFus  from  the  following  equation: 


5.1-4 


where 


B|r=  (-ac+  i)F 


The  straight  line  obtained  by  connecting  the  two 
points  thus  calculated  is  superimposed  on  the 
experimental  fuselage  pitching  moment  curve  of 
(  Cmfus  vs.  apus  )•  The  point  of  intersection 
will  yield  the  fuselage  trim  angle  of  attack  a  Ft.s  . 

(j)  Using  aFUS  from  step  (i),  enter  fuselage*  charts 
and  obtain 

clfl)S  »  CDfus  '  Cyfus  t  c<fus  *  Cmfus  and  cnfus  * 
Then  calculate  the  following  fuselage  trim  values: 


LFUS=CLFUSqn  AZpus  ,  °fus  =  CD|:usqo  AXpus 

YFUS  =  CYFUS  %  AYfus  .  X  FUS=  C^FUSC'oAXnJsiFUS 


MFus  =  ^xFUS  iFus  i  Nfus  =  CNFusq0  AXfus  iFUS 

(k)  Using  the  values  of  NFUS  from  step  (j)  and  QF 

from  step  (g) ,  determine  the  following  ta.f  1-rotor 
parameters: 


ti*. 
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(1) 


TR 


Knowing  the  tail -rotor  parameters  /xTR  -  /xF, 

Mt  tr  -  [VD  +  (flR)^/Vs  and  G ,  TR  and  using  the 

value  of  (ClV<t)tr  from  step  f'k)  and  acTR  =  0> 

en;  r  the  appropriate  performance  charts  and 
obtain  the  following  tail-rotor  trim  values: 


TR’ 


^■75TR’  a°TR 


.b. 


TR 


then  compute 


(£2!)  =  [(££.) 

V  O’  r  R  L  O’  0.1 


+ 


Act 

2? 


and 


Qtr»[(T.F.),tR(-^!]tr 


(m)  Using  values  of  €pu$  from  step  (h)  and  aFUS 
from  step  (i),  calculate 


01  =  °FUS  f  €FUS 
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and  then  obtain 


9 


aT  =  a  +iT  -  €t 


CLt=  aT  aT 
C0T=  (C°o  +  W!r 


where 


(C0o)T^OOI 

i-T  =  CLt  Qo  $t 

Dr  =  CDt  %  ST 


(n)  Using  the  trim  parameters  obtained  above  and 
assuming  AIfr  =  =  YTR  -  yc  -  0,  solve 

simultaneously  the  X  and  2  equations  from 
Section  4  to  obtain  a  better  approximation  for 
the  main  rotor  drag  and  lift,  thus: 


DF  =  Lr  a  -  K, 


Lf 


K  t  q— K2 
I  +  a  2 


b  ,1-7 


where 


K  i  =  Wa  -  L  fus ( a  “  e  fus) -  Lx  (ot  +  ij- cy 


+  ^FUS  +  +  ^TR 


and 


^2  =  Dfus(Q  “  €FUs)+  Oj  ( Ct  -h  i  t  ~  fj 


+  0TR(a  -  eTR)  4- Lfus 1-t  W 


Then  obtain 


i.lu 

7  V  L  O.lJ,:  l(TF )<tJ 


(^d!) = r_P_ 

V(T  F  L(TF)crJp 


and  compute 


.  F 


(o)  Repeat  i-teps  (f)  through  (n)  with  new  values 
[(CL'/cr  )0.|]F and  [(C&'/<?  )0il|  until  convergence  is 
achieved,  yielding  the  final  trim  values. 


5.1-8 


Calculate  main  rotor  side  force,  thus: 


YF  = 


(TFkr  -£■(-  Asb,+f  Xb. 


+  'g‘aoai_— ac-/^2 aC al  +  b1+gAbl>]F 


Using  the  latest  trim  values,  compute  the  main 
rotor  lateral  cyclic  pitch  A,p  (from  rolling 
moment  equation)  and  aircraft  roll  attitude  <p 
(from  side  force  equation),  as  follows: 


■izKYF+iz 


tr  Ttr+^ytr  Dtr 


(a-€ 


TR1 


j  (ebrfMs)F . 

"Afus  ~  2  bip 


-j2FLF  +  (ebflMsk 


and 


LFA|pf  YFt  Ypys-tTi^ 

W 


) 


Finally,  compute  the  main  rotor  longitudinal  cyclic 
pitch  B|p  using  latest  trim  values,  thus: 


V  a_aCp+  'F 

In  general,  for  a  <  5°,  the  above  iteration 
procedure  is  very  rapidly  convergent,  and  therefore 
one  or  two  iterations  are  sufficient  to  obtain  the 
final  trim  conditions. 
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5.2  TRIM  CONDITIONS  FOR  TANDEM  ROTOR  HELICOPTERS 


5.2.1  Hovering 

The  hovering  trim  conditions  for  tandem  rotcr  heli¬ 
copters  are  obtained  by  simultaneously  solving  the 
Z-force  and  pitching  moment  equations  for  the  non¬ 
accelerated  condition: 


KyW 

ixpcos  ip  -  lzFsin  ip 
*XrCOS  iR-i^sini‘ 


and 

IR  =  KVW  -  Tf 


The  thrust  coefficients  for  each  rotor  are  obtained  by 
using  the  simplified  aerodynamic  expressions  of 
Reference  1. 


Tf 


(T.F.) 


Tc 


'Tr'  (T.F! 


F  - 


•F 


9 


.75, 


2.(CT)  Bt\ 

,  Q(^}f~^Xf 


=  -  /El 


9 


•75  D- 


V  Z 
2/Ctn  Bt\ 


By; 

3 


where 

Bt  =0.97  -  tip  loss  factor 
Q  =  5.73  -  blade  lift  curve  slcpe 


5.2-1 


and 


(4?)  =  (0.I52IX+  O.I!l67S) 
(4r)  =  (0.I52IX+0.III  ©7..) 

/  R  -r°  R 

5.2.2  Forward  Speed 


The  trim  procedure  for  tandem  rotor  helicopters  is  in 
principle  similar  to  that  of  single  rotor  helicopters 
described  in  Section  5.1.2.  The  major  difference  arises 
from  the  fact  that  some  tandem  rotor  helicopters  operate 
with  predetermined  values  of  longitudinal  cyclic  pitch 
(  B|C  )  on  the  front  and  rear  rotors.  Knowing  the  longi¬ 
tudinal  cyclic  schedule,  which  for  those  helicopters  is 
a  function  of  forward  speed,  simplifies  the  trim  proce¬ 
dure  for  tandem  rotor  helicopters. 

Generally,  the  front  and  rear  rotor  geometric  parameters 
are  identical. 

3ased  on  this  assumption,  the  trim  procedure  for  tandem 
rotor  helicopters  is  as  follows: 

(a)  Determine  the  required  design  parameters  for  a 
tandem  rotor  configuration  as  specified  on  page  5.1. 

(b)  Establish  the  helicopter  operating  conditions  such 
as  V0,  HR,  cr,  /),  Vs  ,  etc. 

Then  compute 


Vo 

M  '  &R 
V0+ftR 

V" 


5.2-2 


T.F.  =/>7rR2(ftR)2 
I  w2 

3o  _  2  P 


a  .  Start  with  a  =  aFus  =  ^ »  then  calculate 

Dfus"  CDFUi<»oAxFUS 
lfust  clfus^oazfus 


It  is  recommended  that  the  fuselage  characteristics  be 
extracted  from  the  appropriate  experimental  data. 

(d)  Using  Z-force  equation,  calculate ,  (Cl/ct  )F  , 
assuming  arbitrary  values  for  thus: 

/Cl\  _  W-  Lfus  +  Dfus  €fus  ,  ^ 

^  f  "  (T.Ro*  a  * 


Also  compute 


acr  a  +  iF  -B|c  -«F 


%  =  <J  +  'r  *B|r  -  «r 

where  a  is  given  in  step  (c) 


5.2-3 


Assume  initially  that 


€f  '  €r  =  €fus=0 

i 

(e)  Using  X-force  equation,  calculate  (  C0/<t)*Total 
using  values  of  steps  (c)  and  (d),  thus: 


.Col  *  -  /£o\  -  /Cq\  _  Dfus+  Lfus^fus  (^C\ 

; total"  'O-  V  t'0'  ;r  ‘  "  (T. F. ) a  ~  R  a  R 


Then  compute 


(°C0.|>r  a  =  F" 


Act  ,C 


cr  'F 


)  =  a 

R 


CR 


2  H2  *  R 


where 


A  a  =  cr  -  0.1 
Assume  initially  that 


€r 


=  fFUS 


=  0 


(f)  With  appropriate  values  of  (CL’/ cr )F  and  (ac0|)F 

and  (CL/cr}R  and  (sco.|)R  from  steps  (d)  and  (e), 
enter  the  trim  charts  and  read  off 


R 


5. 2-4 


Then  compute 


[£d 


v  0.1 


+ 


Aa  ,Cl 
ZfJ{~ 


(-ID.)  = 

'  O'  R 


'(£a)  + 

V  O-  0.1 


and 


total 


(g)  Plot  (CL'/cr )F ,  (CD/o)F  ,  (CL/cr)R  ,  (Cd'/o-)r 

and  (Co/cr) total  obtained  from  steps  (d) ,  (e)  , 

and  (f)  vs.  (CD'/cr )T0TAL  from  step  (f).  Draw  a 
straight  line  of  (CD'/cr)*T0TAL  =  (CD'/cr)T0TAL  _ 

At  the  point  of  intersection  of  this  line  with 
(CD><r  Ttotal  vs.  (CDycr)T0TAL  curve  read  off: 
(Cl/o’ )F,  (CD/o- )F  ,  ( C l’A ) r  .  ari{^  (C d'/o'  )f>  • 

Convert  (C0yo-)F  and  (Cd'*t)r  thus  obtained 
into  [(CD/a-)0.iJF  and  [(CD'/cr)0  ,]R  ,  using  equations 
from  step  (f). 

(h)  Using  the  values  of  (CL'/cr)F  ,  [(CD'/cr)0  ,]p 
(Cl'/ct)r  and  f( CD'/cr )o.»]R  enter  the  appropriate 
rotor  trim  charts  and  obtain 


d 


a,R  and  \R 


(i)  Compute  all  necessary  interference  angles,  thus : 


cF  =  KRF(ton  ac  -  )R 
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€R  =  Kfr  (tan  ac  -  £)F 

*FUS  =  ^FFUS^an  aC  '  /I  V  +  ^RFUS^an  QC  “  ~jZ 


where  KRF  ,  KFR,  etc.,  are  the  rotor  downwash 
interference  factors  discussed  in  Section  7.6. 
The  values  of  aCp  ,  aCp  art  obtained  in  step  (d), 
and  X p  i Xr  are  obtained  in  step  (h). 

(j)  Solve  the  pitching  moment  equation  and  compute 

Cmfus  using  the  values  obtained  in  steps  (h)  and 
(.i),  thus : 


(T.F)cr 

^qAx^s^fus 


(A  sin  a  -B  cos  a}- 


WhuBF+MKUB^  * 

'  (T.  FT)  a  . 


where 


5.2-6 


Also  obtain 


aFUS=  a  €fus 


where  a  is  given  in  step  (c)  and  €  Fus  is 
obtained  in  seep  (i). 

(k)  Repeat  steps  (c)  through  (j)  for  one  or  two 
different  values  of  a  and  obtain  a  cross  plot 
of  (CL/a)F  ,  (Cd/<t)f  ,  €F>  (Cl/ct)r  ,  (Cd/<t)r  ,  €R 
£fus  and  CMpus  versus  aFUS  . 

(l)  Superimpose  the  available  fuselage  data  (preferably 
test  data)  of  CMpys  versus  aFUS  on  the  cross  plot 
obtained  in  step  (k).  The  point  of  intersection  of 
the  available  fuselage  moment  data  (Cmfus  versus 

a  FUS  )  with  the  corresponding  values  computed  in 
step  (k),  will  yield  the  first  approximation  for 
the  trim  values  of  aFUS  and  CMpus  . 

(m)  Enter  a.-,JS  from  step  (1 )  on  the  cross  plot  of 
step  (k)  and  read  off  trim  values  of 


(£k)  <5d!) 

'  <7  ’  '  (J  'R 


and  c 


FUS 


Then  compute 


a  =  a  fus  +  €  FUS 
acF=a  +  'f  “Blp  -  €F 
acR  =  a  +  iR  -  B(r  -  €R 
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(n)  Repeat  steps  (c;  through  (li)  using  values  of 

“FUS  .  eFUS  ,  «F  and  «R  -  St:ePS  (I) 

and  (m)  and  obtain  the  final  trim  values  for  front 

and  rear  rotor  as  follows : 


aC»  €*  #75’  a0»al  »bl  »  etC' 


Obtain  the  following  fuselage  characteristics 
using  the  available  fuselage  data: 


C.  .  C|  ,  Cy  J  0/ 
lrjs1  1  -us  *  yfus’  *fus 

»  CmFUS’  CnFUS>  aFus  1  €™S 

Then  compute 

lfus=  clfus  %  AzFUS  » 

°FUS'  CDFUS  ^0  AXFUS 

Yfus  =  cyfus  %  Ayfus 

^FU5=  C^FUSq0  AXFUS  4uS 

^FUS=  *“%US^°^XFUS  ^FUS  ’ 

^fus=cnFus^°aXfus  ^fus 

(o)  Calculate  rotor  side  force  (C yM  for  front  and 

rear  rotors  using 

("^•)  =  — '!_M#75ao  +^#75bi  +  ■|’M2^75bi  +  ^  X  b| 

I  3  2  I  I  2 

+  -g  aaai  -  aoai  +  ^"Ma|k|  f 
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(p)  Solve  rolling  and  yawing  moment  equations  of 
motion  and  obtain  A|p  and  A)r  as  follows: 


+  ^U&1+Lc  (9k.)  +.eb^Msl[R(C3_)  _R(Cfl_)  n  (C^j 
cr(TF)J  L  r  2<r(TF)JLK^  V  Kl  ^  R W  <*  f 


ebH2M< 

2MlF 


-  [*.&-  AJ} 

{-  k  A  *  » A  VA 

*  fej  A  k A  *  ‘A + S^v  v 


ebil^Mc 

R+2dTF)W 


cr(TF). 


ebf^Ms  L  fCL\  *  (CL\  U 
2^(TFj  LVH“  V^rJJ 


(q)  From  the  Y-force  equation,  solve  for  the  roll 
attitude,  thus: 


(IF  Jo¬ 


lt  is  found  from  experience  that  adequate  accuracy 
is  obtained  without  additional  iterations. 


REFERENCE 


ssow,  A.,  and  Meyers,  G.  C.,  Jr.,  Aerodynamics  of  the 
Helicopter,  The  MacMillan  Company,  New  York,  1952. 
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5 . 3  TRIM  CHARTS  FOR  ROTOR  SOLIDITY  ,  cr  =  Q.  1 


Classical  rotor  aerodynamic  theories,  such  as  those 
presented  in  References  1  and  2,  utilize  several  simpli¬ 
fying  assumptions  which  limit  the  applicability  of  the 
resulting  equations  to  low  forward  speeds.  To  increase 
the  range  of  applicability,  some  of  these  assumptions 
have  been  eliminated  in  Reference  3,  which  presents 
charts  of  pertinent  aerodynamic  rotor  parameters  for  the 
tip  speed  ratios  ranging  from  p.  -  0.3  to  fi  =  1.4.  These 
charts  include  the  effects  of  blade  compressibility  and 
retreating  blade  stall  and  do  not  rely  upon  small  angle 
assumptions  of  the  classical  theory.  However,  the  charts 
are  prepared  for  only  one  value  of  rotor  solidity  cr  0.1 
and  do  not  include  the  rotor  Y-force  data. 

In  applying  the  above  performance  charts  for  rotor 
solidity  different  from  cr  0.1,  appropriate  solidity 
correction  factors  were  utilized  as  presented  in 
Reference  3.  The  required  Y-force  data  were  generated 
by  utilizing  the  equation  of  Reference  2  together  with 
the  pertinent  performance  results  obtainable  from 
Reference  4.  The  charts  for  rotor  inflow  ratio  X  and  the 
blade  flapping  parameters  o0  and  b,  ,  which  were  not 
included  in  Reference  3,  were  derived  from  the  results  of 
Reference  4  and  are  presented  in  this  section. 

All  low-speed  performance  charts  for  fi  0.1  and  0.2 
were  derived  from  the  classical  rotor  performance  results 
of  Reference  5,  and  are  presented  in  Figures  1  and  2. 

The  high-speed  charts  which  are  not  included  in  Reference 
3  are  presented  in  Figures  3  through  13. 

The  performance  charts  of  Reference  3  and  those  presented 
here  are  derived  for  constant  values  of  fj.  ,  MT  ,  and  9 1  . 
The  relationships  between  the  basic  rotor  performance 
parameters,  such  as  CL)'cr,  CD'/cr,  Cq/ct,  a,,  ac  and  0  75  , 
are  presented  in  the  form  of  carpet  plots.  The  parameters 
such  as  X  ,  o0  and  b(  for  all  values  of  are  presented 
as  a  function  of  rotor  angle  of  attack,  ac  ,  for  constant 
values  of  CL/a  .  Using  the  above  parameters,  the  rotor 
side  force  coefficient  can  be  computed  from  the  following 
equation: 


The  utilization  of  the  above  mentioned  nerformance 

A 

charts  with  the  analytical  expressions  wherever 
necessary  constitutes  an  integral  part  of  the  stability 
method  presented  in  this  Handbook. 
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Figure  1.  Calculated  Characteristics  of  a  Rotor 

With  0°  Twist  for  ft  -  0.1  and  Mf  -  0.8. 
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ROTOR  ANGLE  OF  ATTACK,  ac  -  DEGREE 
Figure  2.  Concluded 
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Figure  3.  Calculated  Characteristics  of  a  Rotor  With  0°  Twist  for 
a  ^0.3  and  Mr  =  0.8. 
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Figure  5.  Calculated  Characteristics  of  a  Rotor  With  0°  Twist  for 
and  Mt  «  0.8. 
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Figure  9.  Calculated  Characteristics  of  a  Rotor  With  0°  Twist  for 
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Figure  12.  Calculated  Characteristics  of  a  Rotor  With  -4°  Twist  for 
ll.  =0.3  and  MT  =  0.8. 
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SECTION  6. 


PERTURBATION  EQUATIONS  OF  MOTION 


In  accordance  with  the  commonly  used  procedure  of 
stability  analysis,  only  small  perturbations  about  the  trim 
conditions  are  considered.  This  is  accomplished  by  linear¬ 
izing  the  equations  of  motion  presented  in  Section  4.  The 
variables  0,  $,  etc.,  denote  changes  from  trim  conditions 
of  aircraft  pitch  attitude,  pitch  rate,  etc.  The  parameters 
A|c  ,  B|c  ,  9C  ,  and  0TR  denote  pilot  control  inputs  in 
lateral  and  longitudinal  cyclic  ^itch,  main  rotor  collective 
pitch,  and  tail  rotor  collective  pitch,  respectively.  Jt 
and  J2  are  the  pilot's  authority  ratios  in  the  longitudinal 
and  lateral  control,  respectively.  The  terms  XQ,  XQ  ,  etc., 
are  the  total  or  composite  aircraft  stability  derivatives  and 
denote  the  rate  of  change  of  forces  or  moments  with  respect 
to  the  subscript  variable  evaluated  at  the  trim  conditions. 
The  composite  or  total  stability  derivatives  are  presented 
in  Section  7. 

The  perturbation  equations  of  motion  can  be  expressed 
as  follows: 

(a)  The  X-Foree  Equation 


X|J  U  +  XyU  -f  XV»V-f  Xyy-W-f  X^w  +  Xg  9  +  X  q  9  +  X  +  X  y,\f/ 


+  J'iXB'c  +  V'c)  +  Vl=  +  X\§ls 


+  J2(Xa|cAlc+Xi|cA,c)  +  XA|sAls  +  XilsAls 


+  J3'xSrcSr^XsrcSrc)  +  xSrs8rs  +  Xsrs8rs 

+J4(xec sc  +xscSc )  +  xgs  9S  +xesSs  =  o 
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(b ^  The  Y-Force  Equation 


Yy  u+ Yv  v  +  Y^+' Y*.  Sr  +Ye  S+Y^+Y^ $+ Y^+ 


+J.(Yb  B.  +Yb  r  )  +  Y„  B,  +Y~  b; 

1  Blr  'c  Blr  'c  Blc  ’s  Blc  1 


+j^A+yv\>+WyAiA 


+  J3(YSrc  Sr<.  +YSrcSrc)+YSrsSrs+YsrsS'rs 


WbA  +YSr  fa  +  Y0</s  +Ye/s  *  0 


(c  )  The  Z-Force  Equation 

Z  u  u  +  Z  v  v  +  Z  w- w- +  Z  w1  +  Z  @  @ -f  Z  @  ^  +  Z  ^  +  Z  yj,  v(/ 


+  J2(ZaIc^'c  +ZaIc  ^'c)  +  ZaIs  A|S  +  ZaIs  K 

+  J3 (Z  Src  Src + Z  8r  jrc) +z  Sr^rs  +Z  8,  jrs 

+J4(Z9/c+Z0/c)+Zes5s+Zss^s  =  O 
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(d)  The  Rolling  Moment  Equation  G£) 

X  u  u  +X  v  v+X^  +X^-w 1  +£$  3"+X  q? 

+  X(j)  $  +  X,£  ^+Xvj/Vp+X^^ 

+  J I  *  X  B|  c  ff,c  +  X  B1(S|C)  +X  b1sB“,  s  +  X  B,s^l  s 

+  J2  lXA,c  +^A,s\ 

+  J3^rcVXSrcf^^^s+XSrs^rs 

+J4^0c^c+^'  ec^c)+^es^s +<^  es^s=  0 

(e)  The  Pitching  Moment  Equation  (M) 


+  M<£  <£  +  M£$”+M  j,  \f+M^  \j/ 
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+  J 


?c  +  Mec§c)+M0ses+M0s®s  =  O 


P 

« 

(f )  The  Yawing  Moment  Equation  (Nl 

Nuu+NvV+Nvfw-  +  N^+Ne^  +  Neg' 

+  N^+N^?+N'i'^  +  N^ 

+  J2  INa,cAIc+Na1c^c>  +  N»is^s +N*'s^Ie 
+  J3lNSr5rc+NSrc\)+NSrs^s+N^rs 

+j4W0c5c+NecSc>+Ne/s+N0Sgs"° 

(g)  The  Stabilisation  Equations 

Generalized  stability  augmentation  system  equations  are 
as  follows: 


B,s=-B,sl0l  +  02Bls)  +  k,'ff+k2?+kJu  +  k4w 

t,s=-A,s(D1+D2A,s)  +  k5?-k6|-kT'' 

S'rs  =  -keSrs-k9v-k,0^ 


* 
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The  simplified  "lagged  rate"  stabilization  system  can 
be  represented  by 


A|s=  “ D|  A,s  +  k5</> 
V  -  ke^rs  +  kic'l' 


where 

D(  and  Dg  are  damping  constants 

k|  ,  kg  ....etc.  are  the  linkage  ratios. 
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SECTION  7.  STABILITY  DERIVATIVES 

7 . 1  TOTAL  STABILITY  DERIVATIVES 

The  total  aircraft  stability  derivatives  are  obtained  by 
differentiating  the  equations  of  motion  (presented  in 
Section  4)  with  respect  to  the  appropriate  stability 
variables.  The  derivatives  are  obtained  here  for  the 
following  initial  conditions: 

(a)  The  aircraft  is  in  level  flight,  /c= 0 

(b)  The  roll  attitude,  sideslip  angle,  and 
heading  is  zero  ( <f>  =  /3S  =  \j/  -0) 

(c)  Fuselage  angular  rates  are  zero  (p=q  =  r  =0) 

7.1.1  The  X-Force  Derivatives 
7 . 1 . 1 . 1  Xjj 

n 

Xu  =  (Xu)F+(Xu)R+(Xu)^u8+(Xu)w+(Xu)T+(Xu)VT+(Xu)TR+I  (X„) 

i=l  ' 

where 


*  *uF+  *aF 


d(x)F  ,  dLf  A  <3yf  .  A  .  .  ,  doF  , 

Xu  =  — - =  (-t — cos  A,  -  — — sin  A,  )  sm(a-€F)--r — cos(a-cF) 

F  0uF  0  uF  0  uF  0  uF 


xQc:“-  =  (4"^cos  A,  — sin  A,  )  sin  (a-€F)~-^-Lcos  (a-eF) 
F  oaF  0aF  F  OaF  F  oaF 


+(l_Fcos  A|F-YFsin  Alfr) cos(a-€r;  +  Df  sin  (a-€F) 


(3(2p  _  (3eF  KRf  ^  X 

du  du  v0  /i  fa  R 


<500r  ^  w  daR 
-  dij  -*uR+*aR 
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0u 
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a: 

u_ 

1 
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3u 

V0 
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Y 

d(X)FUS 
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duFUS 
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du 


du 
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dotyr  dcyj 


du 


VT 
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du 


du 


0- 
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dajR 
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X 
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dui 


sin  {a-cTR)  - 
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du 
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TR 


d* 


TR 
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daTR  da- 
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du 
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du  Vq  fi  dfi  f  V0  jj.  dfi  R 
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(Xu)..  • 
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xv  =  (Xv)  +  (xv)R  +(xv)  +(XV)W+(XV)T  +(XV)VT  +  (XV)TR  +  I  (Xv)p 

i  5  I  1 


where 
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n 

xvir  -(X*.)  +(X^r  +(XwJw  +  (Xw)T  +(Xw^vT+(Xw)TR  +  I  (XJp 

1  =  1  ' 
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dr 
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aa 
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da 

da 
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da 
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da™  t  d € Tr  ^  I  dX.  „  /..iiA 
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1 

> 

-1 

CL 

X 
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Vo 
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da 
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x  w* =  ^xvir^R  +(xw-'T  +(XW)VT  +(xwP 
where 


J  y  ,  \  _  d(X)R  _  _j_  d(X)R  _  J_  y  ^aR 
dw*  V0  da  V0  Qr  da 


d«  r  ,  ^xf~^xr*_  n  I  dX  lxF"ixR% 
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i  dx  i  ixF-ixT 
+  K  (|-  —  —  — ^ — -) 
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w  d  a  VT 
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7. 1.1. 6  *0 


Xg  =  -W  cos  0 


7. 1.1.7  XG 

n 

xa=(xa)F+(x0)R  +^x0)w+(x0}T'ftxe)vT'f^x^TR4'^  (x^p 

i  =  I  1 

W 

-  -g-  V0  sin  a 
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d(X)F 
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(Xo)  =  — .—  =XUK  -X™.  Ji x  +(— )  -—£+(- — ) 

BF  UF  ZF  *>  XF  ^n. 


ax  a  b, 
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d(x)R  .  .  dx  da,R  dx  db,R 

(W  d*"=Xw*  'Yr  Xv"izR+  dar  dp  +<db,  ’  dp 
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a0( 

■)  -T-5  +(* 
R  5r 

“7 - )  ■ 
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d\fr 


7.1.2  The  Y-Force  Derivatives 


7. 1.2.1  Tu 
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,v  .  a(Y)FU!i  _  daFUS 
(Mus"  aw  w>us  a  a 


dtY) 


FUS 


^us  a«rFUS 


j  a<Y)FUS_  i 

V0  aaFUS  V0  Fus 
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7.1.3  The  Z-Force  Derivatives 


7. 1.3.1  Zu 


1  ■ 
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J 

d(Z)w _ 

r  aow  . 
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^aw- 
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VO  €»^/  T 

aaw 
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-1 
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au 
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d©T . 
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^-uT 

a  uT 

L  duT 
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j 
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dLT 
a  Qy 

cos  (a-*T)J 

ft 
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(Z  )  -  d(Z)vT  -  7  +7 

-  zuWT  +  za 


-  [d7  cos  (a-eT)  -LT  sin  (a-eT) 

(3aVT 


du 


VT  «VT  3U 


■7  _  ^(Z)vt  _  dDVT  . 

^Uyf“  sin  (<2"fyy) 


■aVT- 


UVT 


du 


VT 


d(Z)UT  dD 


Lf\£./Vj  UL/yj 

Sin  (a-eVT)  -DVTC0S  <a"«¥T> 


(Zu)„-— 1 -  =  Z,,__  +Z 


3a 


TR 


TR  au  UTR  ‘■Oth  du 

d(Z)TR  _  f  3  D 


■UTR 


duTR  l  du 


_  d(Z)TR  _  dPTR  . 


r3DTR  .  ,  ^YjR  j 

sin  (a-eTR)  +  — - cos  (a  -eTR) 

^UTR  d  HjR  ^ 

■  (a-«TR>] 


aTR" daTR  - _UaTRSin(a'eTR,+  ,3aTR 


-[dtrcos  (a-eTR)-YTRsin  (a-eTR)j 


a<Z)p:  dap. 

(Zu>_.  *  - - L-7 


du 


;  zuP.  +  zaP, 


.  lpi  du 


,  _  d[Z)P] 

upi  duP. 


-[ 


d'7)P.  r  dTp. 


'api"  daP. 


•  ~  ri 


dTpj  dNp. 

d^7S,n  ipi  +  "d^7 

p;  dNp; 

sin  'p.  +  —r — - 
OCtp.  1  UCLa. 


COS  Ip 


i . 
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7. 1.3.2 


zv  *  {zv)F  +  ;zv)R  +(zv)FUS  +  (zv)w+  (zv\  +(ZV)VT+(ZV)TR4I(ZV)P 

i  =  I 
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where 


(Zv>Fs  0 


Ev).  ■  0 


(ZJ 


a(ZW  =J_  ^fus  =--[-|^5in(a-^+-^cos (a-,FUS ) ] 
V0  d/3s  V0L  d/3s  d/3s  J 


1 


V  FUS  3  V 


(Zv)w=  0 


(ZV)T  =  0 


(Zw).  = 


dm 


VT  _ 


5(Z)vt 


Vr  _ _ !_[ 

L  W.  L 


dD 


-»  ,  -j  ^ Sin  ^a“€VT^l 

VT  3v  v0  d/3s  v0  l  d/3s  J 


(Zv). 


d(Z) 


d(Z) 


v0  L  d/3 

v'tr'  av  '  v0  a/3s  v0 1  a/3 

d(Z)P;  i  <3(Z)P:  i  j- 


dDiR  ,  ,  ,  ,  ^VTR 

sin  (a-eTR}  + — cos(a*€TR) 


d/3, 


dNP: 


(Zv), 


dv  V0  d0s  V q  L  d/3s 


pi  .  .  .  "  ri 

sin  ip  +  — rr—  cos 


a/3, 


%] 


7. 1.3. 3 

n 

Z»-(Z*IF+(ZW)R+(ZW}FUS  +{ZW.)W+(ZW)T  +(ZW.)VT+(ZW)TR+Z(Z^)| 
where 


,7  j  .  -  z  Jii 

(ZwV  a*r  ^  aa 
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7  d(Z)F 

"V  awF 

i  d(Z)F  . 
v0  3aF 

vLzap 

vo 

(Z*-)R 

d(Z)R  _ 

(3aR 

"  >  "  ^Wr 

0  W  R 

d  a 

7  d(Z)R  . 

dwR 

i  d(Z)R  _ 
V0  daR 

(3(Z)fus 

3  a  fus 

^  FUS"  3  w 

"Vus  da 

„  3(Z)fus  *  3(Z)FUS  _  1  -7 

*>us'  dwFUS  v0  daFUS  V0 

d(Z)w  , 

daw 

(^w 

aw  ,yr* 

'  da 

_  3(Z)W 

z*w  aww 

1  <3(Z)W  _ 

V0  d»w 

iZa* 

K 

M 

d(Z)T  _ 

(3a  t 

■  aw  ^  3a 

7  d(Z)T 

z^-  awT 

1  d(Z)T 

v0  3aT 

=  tz“T 

,  ,  .  3(Z)vt  .  z 
aw  *' 

(3  a  Vt 
(3  a 

7  d(Z)VT 
rvT  dwVT 

1  3(Z)vt 
Vq  3ayj 

^ZavT 

<3  (Z)-TR 

(3  a  TR 

1  ^TR"  <3w  ^WTR  da 

3(Z)tr 

i  (3(Z)tr 

1 7 

ZwVr-  a  wTR 

v0  daTR 

"v0  “™ 

d(»P| 

daPj 

(Z«r)p 

=  -T— L  =2 

'i  dw 

da 

FUS 
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atzip, 

dvr*. 

i 


J_  —h. 

V0  daP, 


7. 1.3. 4  Zw~ 


Zyr=  '^w^T  +(Z^vt+(Z^) 


TR 


where 


j7.v  _  d(Z)g  _  I  d [Zb.  _  I  ^  da  r 

^  r  dw-  v0  da  Vq  Cr  da 

(7  \  d[z) T  ±^IL  ±7  da  T 

1  av^  "v0  dd  "v0  ®t  dd 

/7 .  \  -  d(Z)VT  _  _J_  d(Z)VT  _  _l_  d  a  yT 

^vt'  a*-  "v0  ad  'v0  avT  da 

(70  d(Z)TR  _  l  d(Z)TR  _  I  da  TR 

TR  dvr  V0  da  V0  ajR  da 


7. i.3. 5  ze 
Zq  =  -W  sin  9 


7. 1.3. 6  ZS 


7.1-24 


n 

z„  =(Za)  +Uo)  +(Za)  +(Za)  +(Za)  +(z*)  +Z(Zo)  +  J£-vr 

y  yF  yR  tfw  yT  yVT  yTRyP  gc 


where 


dm.  0  ,  az  aa,_  az  ablF 

(Zg)  =-3-r  =  Zu  4  -Z*.  ix  +(t - )  -r-^+lr— )  -r-1 

ao  uf  zf  *v  xf  ao,  aq  at>,  aq 

=-  -j^sin(a-eF)  +  (-j-^cos  A,  --^‘Sin  A,  )cos(a-€p)] 

aa,  F  LaQ|F  ao,F  F  a0,F  J 

az  aoF  aLF  ayF  i 

(- - )  = — - — sin(a-eF)+(  — — cos  A,  — - - sin  A,  )cos(a-«F) 

Ob,  F  Ldb,F  ob,F  F  db,F  F  J 

d(ZL  „  dz  do,  dz  db. 

(Zg)  =-T-ri  =  Z  L  -Z*.  X  +(t — )  — ~  +  (t — )  -r-* 

®r  dfi  ur  zr  ^r  xr  do,  dq  db|  dq 

R  R 


(r—-)  =  -[-j-5  sin  (a-€R)  +  (-j^cos  A,  +-j-^sin  A.)  cos  (a-«R)l 
aa,  Laa,  aa.  R  do.  R  J 

(-4^-)  =  -  [4^  sin  (a-eR)  +  ( 4~cos  air  +  4~  sifl  Ai„> cos  (<»-«r >  ] 
db,  R  Ldb,R  db,R  R  db,R  R  J 

(7^  =  a(Z)W  _  y  1  _7  f 

a©  uw  zw  w-w  xw 

(Zg)  =-^?I*Z  X  -Z  i 

yT  a  0  UT  ZT  *7  XT 


(Zo)  .^yr.Zu  L  -zw  L 

yvT  a©  UyT  Zvt  ”vt  XyT 

(Zg)  =-^ra  =  Zu  X  -Z  I 

®  tr  a^  Ujr  Ztr  *tr  Xtr 

(Zg)  =^^1=zu  4  -z*.  4 
ePj  ao  Pj  Zp;  ^Pj  Pj 


7. 1.3. 7 
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n 

H  ■  (Z*)F  +(z*)r  +  (Z^)w+(Z^)T+(Z^)VT+(Z^TR+  z  (Z^)p 

i  =  1  1 

where 


d(ZL 

dz 

<3a,e 

dZ 

(3b|p 
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r 
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=  ZvrF 

■ZvF 
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'F 

dp 
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'r 

dp 

(3(  z)— 

/I 
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az 

<3oiP 

az 

(3b|_ 

(Z^)R  = 

n 

<3<£ 

=  Z^R 

p 

AV 

■ZvR 

ao,  R 

'R 

dp 

+(^r) 

ah,  R 

H 

dp 

<Z*>w  = 

d(Z)w 

<3<£ 

=  z»rw 

V 

-ZVw 

(Z^T* 

<3(Z)T  . 
d(j> 

:ZvrT 

V 

-ZVT 

*zT 

/7  •  \  _  d(Z)TR  0  0 

UrjR  A1  'ZwVrSr  ZVTrAZTR 


dj> 

d(Z)P] 


=  Zu r_  JL  -Zw_  /P: 


(Z*V  ar'fcW,pi"Vpi  "VZpi 


7 . 1  ■  3. 8  Z j 

n 

Zij/  =(Z^)f+(Z^)r  +  (Z^w+(Z^)t+(Z^vt+(z^tr+I  (Z*)p. 

i  =  l  ' 

where 


(Z^)p  = 


a<z)F 

d  <j/ 


=  z 


-z, 


V<£>,£ 


dl  <3b. 


+  (— ) 


(3b,  f  dr 
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“‘-'ll  =  ^u)p  'YF  (Yu)F^ZF+(Zu)RiYR  ^U^r^Zr 

+  <Zu>Jyw-(Yu)w4w  +<ZuiA  -<Yu)t4t 

+  <ZJvt^yvt  -<yu>vt4vt  +'-zu)tr^ytr  -<YuiTR^ z tr 


where 


dX  Fus 

dlfu  s 

dXf[JS 

$  a  FUS 

du 

3  u  Fus 

d  a  FUS 

du 

^XHUbf 

^-HUBp 

^XHUbf 
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3  u  f 

d  a  f 

du 

^Xhubr 

^Xhubr 

^  <^hubr 

y  n 

00  R 

du 

6ur 

daH 

du 

7, 1.4. 2  Xv 

Xv  =  (Zy^Yp  ■”(Yv)f-(Zf  +(Zv)r/^Yr  _  ^VR  ^zR 
+  (ZV)WV<YV>W^W  +(ZV>T^T  -<Vt4t 


+  <zv)vt^yvt-(yv)vt4vt+(Zv)tr4tr-(Yv)trXZtr 


+  1  [(Zv)p.4p-(Yv)p  4p  + 


i  p,  v0  a/?s 
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r 

7. 1.4. 3  ^  «• 

X  w=  ( iYp  - ( ^Zp  *^W^RArR  “'yw^zr 

+  ^ZW^W^YW  “<VW  4W  +  ^Zw\'^Yt  ~^YW^t^7t 
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w"=  (Zw-)R'^yR  +(Zvv-)t^yt  +(2^-)^  iyVT  +  (Z(if)TRi  ytr 


7. 1.4. 5 
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ap 
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r  • 

7, 1.4. 9  ^  + 

X  =(Zlj,)F/Yp“(Y^)f:/(,Zj.  +(Z^)R  4r  ^r^Zr 

+  (Z*)w4w-(y*)wXIw+(z*)t^Yt  -(y*)txZt 
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+  (Zt)VT^VT  {Y^)VT  ^ZvT  +  (2  ^TR^TffvY  ^  )TR  iZTR 

+  Z  [(2^)p.iYp~(Y^)p.L«,;+ 


i  =  I 


i  *yi  a 


dQ  pj-j  dX 
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where 
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7.1,4.10^* 

X  ^  =  I  X  Z 


7.1,5  The  Pitching  Moment  (M)  Derivatives 

The  pitching  moment  (about  body  Y-axis)  can  be 
written  in  its  abbreviated  form  as: 


n  n  r  1 

■'  =Z(M)|  =I[(X)iiz,-(Z)iix.  +  (M0)iJ  +MX 

i  =  l  1=1  '  ' 

where 

(X)j  and  (Z)j  are  forces  in  the  X  and  Z  directions  of 
body  axes,  respectively,  due  to  aircraft  components, 
and  and  ^Zj  are  their  respective  moment  arms. 
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(M0)j  is  the  steady  aerodynamic  pitching  moment  about 
aircraft  C.  G.  due  to  i aircraft  components,  and  Mj 
is  the  inertia  pitching  moment. 


7. 1.5.1  Mu 


Mu  s  (xu^f/Zf”(ZuVxf"*’  (Xu^2r  (Zu)r^xr 

+  'XU^wA2w“^U^w^Xw+^XU^2t"^U^Xt 

+  (Xu)vt'^vt  ■(Zu)vt^xvt  +  (Xu,tr^ztr_(Zu)tr?)(tr 

+y[(x)A’  -iz i  jf  +-dMp|1 1  dM^,<3M^F 
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d  M  hUBr  ^  Q  TR 

4.  - 1  + - 


du 


du 
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dM 


FUS 
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FUS  ^uFUS 


du 
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d  a  pyg  d  u 
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* 

du 

duF 
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du 

9 

^mHUBr 

^mHUBr 

^mHUBr 

du 

d  Ur 

daR 

du 

y 

dOjR 

^Qtr  , 

dQrR  daTR 

1 

du 

auTR 

d  a jR  d  u 

7. 1.5. 2  Mv 


7 .1.5.2  Mw 

Mw  +  (M)^R  ~(Z*MXR 

+(M,V®^l*.  +  (X^r  ?zt  -(Z»Mxt 


+  (Xw)vt4vt  ^vt4vt+(x^Tr^ztr  (Zv^tr^xtr 

1 

J 


+l[(xwip4p:  '^p.^p+  Vn 

1  =  1  1 
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H - ( -  + 
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0 

dM 


V, 
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+ 
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da 


da 


where 
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da  f 
da 


d  V  ,ueF  d  M HuBp 
da  daf 

<3mHUBr  <3mhubr  (3a  R 
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(3Qjr  _  <3QjR  ^aTR 
d  a  d  a  jR  d  a 


7. 1.5. 4  Mw~ 
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+  (X*>  L  -(Z*)  L  +(X«r)  4  -(Z^)  L 

VT  ZVT  "VT  XVT  ”  TR  ZTR  "TR  XTR 
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Mq  =  (X0)f4f -(z0)f4f  +«xe>R4R  ~(z0^xR 
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a  VT  £VT  °  VT  *  VT  °  TR  ^TR  a  TR  *TR 
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^MHUBr 
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3q  3u  iF  Va  (3a  ^xf  2  ^  (3q 

^^hubr  ^^hubr  1  ^MHUBr  ebJ^2Ms  <3a,R 

d  q  <3u  ZR  Va  da  ^XR+  2  ^  (3q 


7. 1,5. 6  Ms 
M  Q  =  ~  I  yY 


7. 1,5. 7  M<ft 

=  (X^)FfZ|.  -(Z^)FIXF  +  (x<£)RfZR-(Z<jl)RfXR 

"lZ  +  )T^T 


+  (X<PvT^VT  (Z<PVT^XVT+(X^TR^TR  ^TR^TR 


1  [(X+)p  Jz  pTtZ+’p  A. 


<3mp  1  <3m 

+  — ; 


ii  i  i 


^  HUB  p  ^MHUBr 

3p  dp 


where 
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2 

eb&  M  3a, 
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^MHUBr  I  [  dMHUBR  .  dMHU0R 

~dp  ‘  v7L  ^  * yr  JrZ  '^rJ  + 


R  d£s  ^R- 


ebft2Mc  da 

- L  (“ r 

2  dp 


7. 1.5, 8  M<^ 

M</>’  =  IXY 


7  1.5.9  ^  ^ 


=(X^)fazf  lZ*)FixF  +^^r^Zr  <Z+V*r 

+  (x*v)  L  -(z*)  4  +(xa)  L  -(zx)  -L 

•  W  4W  *  W  *W  r  T  ZT  r  T  *T 

+  (Xx)  -(Zw,)  Ix  +(X^)  /(2  — (Zw,)  /fx 

V  VT  ZVT  V  VT  XVT  Y  TR  ZTR  Y  TR  XTR 


£[<**>,  V'^pA, 


dMHUgF  (3mHUBr 


where 
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1 

d  M  HI  JHjr  _ 

9 

<?«,  XF 

d  MHUbf 

'^F  + 

2 

eb M  da, 

- L  (__! ■ 

2  dr 

dr 

~~o' 

du 

dMHuBR 

\ 
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i 

d/3s  x" 

d  mHUBr 

2 
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2  dr 

dr 
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3o 
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7.1.5.10 


=  I  y  ^ 


7,1.6  The  Yawing  Moment  (N)  Derivatives 

The  yawing  moment  (about  body  Z-axis)  can  be 
written  in  its  abbreviated  form  as: 


where 

(X),  and  (Y)j  are  forces  in  the  X  and  Y  directions  of 
body  axes,  respectively,  due  to  i™  aircraft  components 
and  /CXj  and  AYj  are  their  respective  moment  arms. 

(N0)j  is  the  steady  aerodynamic  yawing  moment  about 
aircraft  C.G.  due  to  aircraft  components,  and  Nj 
is  the  inertia  yawing  moment. 


7. 1.6.1 

Nu  =  (Yu )p  ixp"^xu  ^p^Yp  +  (Yu  )R^xR  ^Xu)r^Yr 

+  (Yu*w^xw'"(Xu)w^yw+^Yu't^t“^XuV^yt 

+  {YU)VT^XVT  '(Xu)VT®yVT  +(Yu'tRXxTR  “^TR^TR 


■Z[(Yu)p.4p.  (Xu)p-XYp. 

i=|L  I  I  I  lJ 
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du 
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d  Q  R 
du 
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+ 
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du 

duF 
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du 
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+ 

dQR 

daR 

du 

<3ur 

daR 

du 
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nv”(Yv)f4f‘(xv)^yf  *^yv)r^xr  ~(xv)r^  yr 
+  (Yv}wixw“(Xv)wi  yw+(Yv)t^xt  ”(xv^t^yt 

+iyv>VtJ'xVt_(xv)vt^vt+(Yv)tr5Ktr~(Xv)tr^tr 


+I[ivA 

1=1  l  I 


dNFUS 

dps 


,  ^Qf 
dps 


dps 


7. 1.6. 3  Nw - 

nw-=^yw^xf  _(xw^yf  +  (yw*)r^xr  ~^xw^r^yr 
+  ^YW^w^Xw-(XW^wAw  +  ^  yw^t  *xt  “^xw^t^  yt 
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a 


+<V)vt4vt  (X^vt^vT+(Yw>tr4tr-(xw)t^ 


ytr 


+i  [(V),4P-(xv)pjv  y±  ( ^SS  +  pr-p 

j=lL  pi  1  P1  PIJ  Vrt  da  da  da 


where 


n 


* 


^nfus 

^FUS 

^aFUS 

da 

FUS 

d  a 

dQF 

d  Q  F 

da  F 

da 

daF 

d  a 

d  Q  R 

d  Q  R 

daR 

d  a 

daR 

da 

7. 1.6. A  Nw 

Nw-=  ~(xw)r^yr  "(xw’)t^yt  —  (X*r)VTiYvT~ (Xw-)TR  ^ytr 


7.1. 6. 5  Ne 

r<es<Ye>F4F-<xe>F^F  +<Ye>R^R  -‘xe'R^R 
+  (Ye)w^w  -^e'w^w  +(Ye>T4T  -<xe>T^T 

+  (Yg)  L  -<Xg)  L  +(Y a)  L  -(Xg)  L 

y  VT  XVT  y  VT  YVT  y  TR  XTR  “  TR  YTR 
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where 


+  l[(Ye>PAP. 

i  =  l  »  1 


<3Qr 

<3q 


0  Qf 

- -I 

<3u  Kzf 


!  <3qf  <3Qf  do,F  <3Qf  <3b,F 

— +(j^L)(-rL£)  +  (^rL)(^) 
V0  (3a  xp  da <3q  (3b, F  dq 


__r_ «  +(ji: 

(3u  Zr  V0  (3a  Xr  do. 


<3Qr  da,  (3c 

S-K-T-5-)  +  (— 

*0|R  dq  db| 


aoR  ab,„ 

*blR  dq 


7.1.6. 6  Nfl 
Nfi  =  I  yz 


7.1.6. 7  N<ft 

N^<Y*V*Xp  -(x^)f^yp  +(Y^r^.'<r  “^^r^r 
"*"^Y^W  ^Xw  -lVwiyw  +(Y^t  (  xT ~<x*>t^yt 


+(Vvt**vt  (X^vt^vt  +  (Y^tr^Xtr  (VTr*ytr 


<3Qr 
<3  p 
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where 
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3r 


Vo  Ms 


a°R 

— —5  +( — 

3u  da 


3qr  do,  3Q„ 
rH— *)  +  (  A 


db 


)(■ 


dK 
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7.2  CONTROL  DERIVATIVES 


In  response  calculations,  particularly  when  stability 
augmentation  devices  are  used,  it  is  necessary  to 
determine  the  control  derivatives. 

For  some  high  performance  helicopters,  especially  the 
compound  type,  the  control  system  may  consist  of  a 
mixture  of  conventional  helicopter  and  fixed  wing  air¬ 
craft  controls.  The  analysis  of  this  type  of  control 
system  is  beyond  the  scope  of  the  present  work.  However, 
the  mathematical  procedures  given  below  for  the  conven¬ 
tional  helicopter  controls  can  be  readily  modified  to 
include  such  control  systems. 

The  conventional  helicopter  controls  consist  of: 

(a)  Pilot  Longitudinal  Cyclic  Control  (B,  ) 

v 

The  longitudinal  co-  '“ol ,  B|C  ,  is  appl  ied  through 
a  forward  or  aft  control  stick  motion.  This 
control  gives  rise  to  a  pitch  moment  about  the 
aircraft  center  of  gravity.  For  single  rotor 
helicopters,  the  stick  motion  actuates  the  longitu¬ 
dinal  cyclic  pitch,  B|p  .  For  tandem  rotor  heli¬ 
copters  this  control,  which  in  some  cases  may  also 
activate  the  cyclic  controls  of  both  rotors,  B,F 
and  B,r  ,  always  applies  differential  collective 
pitch.  Differential  collective  pitch  is  achieved 
by  reducing  the  collective  pitch  on  one  rotoi  head 
and  increasing  it  on  the  other. 

On  tandem  rotor  helicopters,  the  control  moments 
due  to  longitudinal  cyclic  control  are  very  small 
compared  to  those  obtainable  due  to  differential 
collective  pitch.  Hence,  longitudinal  cyclic  pitch 
is  utilized  mainly  to  maintain  the  flapping  of  the 
rotors  within  reasonable  limits.  In  some  modern 
tandem  rotor  helicopters,  longitudinal  stick 
activates  only  the  differential  collective  pitch, 
and  the  longitudinal  cyclic  pitch  is  a  separate 
system  which  may  be  programmed  automatically  with 
speed. 
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Mathematically,  the  longitudinal  control  of  a 
helicopter  can  be  expressed  as: 


B,c=  d,  B)|r+  e,  BIr-  f,  Ae0(;+g,  A0Or 

where  d,  ,  e , ,  f(  ,  and  g,  are  the  appropriate  linkage 
ratios  between  the  stick  motion  and  the  actual 
control  motion.  In  the  case  of  single  rotor  heli¬ 
copters,  the  linkage  ratios  e,,  f,  ,  and  g,  are  zero. 
For  tandem  rotor  helicopters,  generally  d,  =  e, 

(or  both  d|  and  ej  may  be  zerc  for  some  modern 
tandem  helicopters),  and  f  1  =  g (  .  Thus,  the  longi¬ 
tudinal  control  for  tandem  rotor  helicopters 
becomes : 


(b)  Pilot  Lateral  Cyclic  Control  (A.) 

c 

The  lateral  control  is  applied  through  a  lateral 
stick  motion  (right  or  left)  which  activates 
lateral  cyclic  pitch  control  at  the  front  and  rear 
rotor  (A,  and  A|r)  in  the  same  direction  as  the 
stick  motion.  u 

The  lateral  control  can  be  expressed  as: 


Aic=  d2  Aif  +«2  A|r 


where  d2  and  e2  are  the  control  linkage  ratios. 

For  single  rotor  helicopters ,  e2  = 0  and,  for  tandem 
rotor  helicopters,  d2  =e2  ,  thus  * 


t 
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(c)  Pilot  Directional  Control  (8r  ) 

v 

Directional  control  is  applied  through  a  pedal 
movement.  For  a  tandem  rotor  helicopter,  the  right 
pedal  forward  applies  the  lateral  cyclic  to  the 
right  on  the  front  rotor  head  (A|p)  and  to  the  left 
on  the  rear  rotor  (AiR) .  In  the  case  of  a  single 
rotor  helicopter,  the  right  pedal  forward  increases 
the  thrust  of  the  tail  rotor  to  the  left,  through 
a  change  of  tail  rotor  collective  pitch  (A0Otr). 

In  general,  the  directional  control  can  be  expressed 
as : 


&rc=  d3  AlF’e3AlR  f 3  A^otr 


For  single  rotor  configuration,  the  linkage  ratios 
d3  =  e3=0  .  For  tandem  rotor  configuration,  f3  =  0 
and  d3  = e3  .  Hence,  for  tandem  rotor  helicopters, 


(d)  Pilot  Vertical  Control  [6C) 

Vertical  control  which  is  achieved  through  a  change 
in  rotor  thrust  is  applied  through  a  collective 
pitch  lever,  which  activates  the  collective  pitch 
of  the  front  and  rear  rotor  in  the  same  direction. 
Thus : 


0C  =  d4  A  e4  A  0Or 


For  a  single  rotor  helicopter,  the  linkage  ratio 
e4=  0  ,  and  in  the  case  of  a  tandem  configuration, 
d4=  e4  .  Thus : 


0c:d4(A0OF+A0OR) 
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(e)  Stability  Augmentation  Systems 

Stability  augmentation  devices  are  utilized  to 
introduce  corrective  control  .inputs  automatically 
into  the  helicopter  control  system.  These  inputs 
are  generally  mixed  with  pilot  control  inputs. 

The  total  control  motion  can  be  written  as  a  super¬ 
position  of  inputs  from  the  pilot  control  and  from 
the  stability  augmentation  system  as  follows: 


► 


Longitudinal  Control 


=  Ji  B,s 


Lateral  Control 


A, 


=  JZ  Aic  +  A,s 


Directional  Control 


Sr 


Vertical  Control 


(h)  =  J4  9q  +  Q$ 


In  the  above  expressions  J,  to  are  the  pilot 
authority  ratios  for  longitudinal,  lateral, 
directional  and  vertical  controls,  respectively. 
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7.2.1  The  Longitudinal  Control  (Bic)  Derivatives 


7. 2. 1.1  XBir 


*b, 


ax  dBlc  ax  de0f  ax  aBlR  ax  aa0R 


+ 


+ 


c  dB,F  dB,c  ae0F  <3b,c  <3b,r  <3b,c  ae0R  dB 

ax  ^  ax  i  i  rax  ax 


rax  l  ax  i 

a,  ^b,f  aB,rJ  f 


1 


where 


ax  aoF  ,  au  ayF  .  ,  .  , 

t =  «r - cos(a-eFH-r — cos  A,..--r —  sm  A.  )  sin  (a-cF) 

aBlp  aaF  F  aaF  v  aaF  ,fr  F 

ax  aoF  ,  % . , aLF  A  ayF  .  t 

Je7 = " aaZ cos a aeT cos  'f ~ aeT sin  V51"^1 


’oF  oF 

ax  aoH 


oF 


au  axH 

,  ,  cos  (a-eH)-(-r — cos  A,  +  — — sm  A, Jsin  (a-«H) 

a  B  |  R  aaH  daH  R  daR  R 

Tjp5- -  4P-  cos  (a-«R)  +  cos  A,  +  sin  A,  )  sin (a-*H) 

deoR  °8or  o60h  r  ae0R 


7.2 .1.2  YbIc 


.  r  ay  ay  i  r  ay  a y~ 
'  LaB,_  aB,  f,  Lae„_  ae„ J 


•c  d,  LdB,_  dB 


i  -<36of  <^or 


where 

dY  ,  dLF  .  .  ,  dvF  .  , 

air;  ■  “ [  -^7  A|- + -^7  c“ 1 
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<3 Y  <3lf  .  .  ,  (3yf 

der/-jCFi{  lF  ^co  ,F 


Of 

<3y  ,  <3lr  .  .  <3 yr 

- - =-(^— 1 -  sin  A,  — 1 - 

<3  B,  3a„  R  daR 


«!.,«  4l 
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cos  A,  ) 
'r 
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\  d,  1<3B,f  <3BIrJ  ?.  L  38*  38*  J 


380f  390r- 
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atR ,™  ft.  +ilR 

R  daH 
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d  Z  dDR 


dB,R  daR  T  1  daR 

dz_ _ 

Or  ^®0R 
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d» 


r  dOR  dLR  d Yr  1 
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r 

7.2.1.4  *°B'c 


V  d,  Ub1f  3Bl0J  f,  Lde0p  de0pj 


7.2-6 


where 
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Ms 
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Mo  -  1  3m  4  3m  1  J_r  3m  3M  ] 
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dz  t  (3Mhubr 

aslH  aE,R  dalR  **r  dB|R 

__^_p  ,  aMHUBR 

ae0R  as0/ZR  ^o/Xr  ae0R 
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dB,F  2  ^  daF 


d  Mhubr 
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'c 
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dBlR  f 

,  dN 
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dN 

d90J 
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d  N 
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d  N 

=  dY*  - 
de0/*r 
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ae0Fxv 

d  Q  f 

ae0F 
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♦ 
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♦ 

aBlR 
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dN 
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• 
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ae0R 

• 
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7. 2. 1.7  Stability  Augmentation  System  (B|s)  Derivatives 

All  required  (B|S)  derivatives  for  stability  augmentation 
systems  are  identical  to  the  control  derivatives  ( B | c ) 
presented  above.  Thus: 


t 


B'c 


M 


Bl 


c 


c 


NOTE:  In  order  to  obtain  the  longitudinal  control 
derivative  (B|c)  or(Bis)  for  a  single  rotor 
helicopter,  all  derivatives  with  respect  to 
60 ,  B|  ,  and  60  are  eliminated. 

p  “  R 


7. 2. 1.8  Rate  Derivatives  and 

The  rate  derivatives,  B|c  and  B|s  ,  are  considered  to  be 
small  and  are  herein  neglected. 
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2.2 


The  Lateral  Control  (Aic)  Derivatives 


7. 2. 2.1  xaic 


v  d  x  dk\f  ax 
A|c=aA,F  aA,c  dA,R 


a AjR  _  i  ^  a  x  ^  _a_x_) 
a a,c  d2  a A| P  a A|R 


where 


=  -  (LF  sin  Alp  + YF  cos  A,f)  sin  (a-cF) 


Ji  y 
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<3aIr  r  r 
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A'c  dj.  dA,F  <3 A ! R 

where 

LF  cos  A,  -Yf  sin  A,F 
Lr  cos  AIr  +  Yr  sin  A,R 

ZA, 

7. 2. 2. 3  c 

zA  +  -^-) 

■c  d2  aA,F  aA,p 


a  y 

aA,p 


aY  . 
aAlR 
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where 


dz 

d*i. 


=  (Lf  sin  A,p  +  Yf  cos  A,f)cos  (a-€F) 


dz 

aAlR 


=  (Lq  sin  A,r- Yr  cos  Air)  cos  (a-€R) 
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aA 
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i  (  dwi  +  aM } 
d2  aA,F  aA,R 
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where 


<)n  av  .  ax  f 

<3A,f  '  aA,F  V  dA|F  XyF 

aN  ay  f  ax  t 

a«lR  '  aAlR  aAlR  S 


1 .2.2.1  Stability  Augmentation  System  ^js*  Derivatives 

All  required  (A!$  )  derivatives  for  stability  augmentation 
systems  are  identical  to  the  control  derivatives  (A,c) 
presented  above.  Thus: 
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Na.  =  Ni 


NOTE:  In  order  to  obtain  the  lateral  control  derivatives 
(Ajc)  or{A|$)  for  a  single  rotor  helicopter,  all 
derivatives  with  respect  to  A(r  are  eliminated. 


7. 2. 2. 8  Rate  Derivatives  and  ^is) 

The  rate  derivatives  {Aj(.  and  A|$)  are  considered  to  be 
small  and  are  herein  neglected. 


7.2.3  The  Directional  Control  Derivatives 


7,2.3.!  *  Sfc 

ax  <?A|F  ax  aA  ,R  ax  de0jH 
s _l , <3x  ^  ax } _  j_  ax 

d3  aA,p  aA)R  f3  dOojfi 


where 


ax 

^0TR 


SiH  (0!"€jr)  ~ 


cos(a-cTR) 
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7, 2. 3.2  YSrc 


y<5  =  JL(_&L  _L  _^L 

“rc  d3  3A|f  (3A|r  f3  d80jH 
where 


dY  =  (3Ttr 
^cTR  <^oTr 
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z  ,  I  ,  dZ  dZ  I  dz 

^rc  d3  <Ja,f  (3A,r  f3  d60TR 


where 


dZ 

^oTR 


dy  TR 
^0TR 


cos  (a-cTR)  + 


<3Dtr 

*®oTr 


sin  (a-cTR) 


x 


i  dX  dX  .  i  dX 

d3  dAl(.  «3a,r  f3  d0oTR 


where 


dX  dz  g  av  ( 

aeoTR '  <>Otr  aOTR 
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7. 2. 3. 5 


^Src 

M-  =  -L(-£id  _  _  _L  _dM_ 

S'c  d3  <3A,F  d\  f3  de0jH 

where 

dM  dx  ,  dZ  .  _dQjR 

^oTR '  dO™  de0TRx™  ae0TR 


w  -  I  ,  dN  dN  ■  I  dN 

^r<;  d3  dAlf.  dAlfi  f3  d0OTR 

where 

dH  <3y  c  dx  p 

de0TR'dO-  *0™ 


7. 2. 3. 7  Stability  Augmentation  System  Derivatives 

All  required  (8r$)  derivatives  for  stability  augmentation 
systems  are  identical  to  the  control  derivatives  (8r  ) 
presented  above.  Thus: 


7.2-15 


Vzsr 


NOTE:  In  order  to  obtain  the  directional  control 
derivatives  (Src)  or(Srg)  for  a  tandem  rotor 
helicopter,  eliminate  all  derivatives  with 
respect  to  (0tTR)*  In  the  case  of  a  single 
rotor  helicopter,  eliminate  all  derivatives 
with  respect  to  (A,  )  . 

H 


7. 2. 3. 8  Rate  Derivatives  *dfC  anu 

The  rate  derivatives  Src  and  Srs  are  considered  to 
be  small  and  are  herein  neglected. 


7.2.4  The  Vertical  Control  ^c)  Derivatives 
7 .2. 4.1  XeC 
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7.2-17 
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3n  dr  .  <3x  .  dQf, 
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(  a  ) 

7 .2.4.7  Stability  Augmentation  System  us  Derivatives 

All  required  (Qs)  derivatives  for  stability  augmentation 
system  are  identical  to  the  vertical  control  derivatives 


‘0. 


given  above. 

Thus : 

ii 

X 

<?> 

II 

Mes  =Mec 

=  zec 

Nes  =Nec 

NOTE:  In  order  to  obtain  vertical  control  derivatives 
for  a  single  rotor  helicopter,  it  is  necessary 
to  eliminate  all  the  derivatives  with  respect 

to  'v 


7. 2,4. 8  The  Rate  Derivatives  and  ^s) 


The  rate  derivatives  {Qc)  and  (0S)  are  considered  to  be 
small  and  are  herein  neglected. 
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7.3  LOCAL  DERIVATIVES 


The  local  stability  derivatives  contained  in  this 
section  are  presented  as  partial  differentials  of 
local  forces  and  moments  of  aerodynamic  components  with 
respect  to  local  wind  conditions.  These  derivatives  are 
expressed  in  a  suitable  nondimensional  form  and  are 
obtained  for  the  following  aircraft  components: 


(a) 

Main  Rotor 

(or  Rotors) 

(b) 

Fuselage 

(c) 

Wing 

(d) 

Horizontal 

and  Vertical  Tailplanes 

(e. 

Tail  Rotor 

(f) 

Propulsion 

system 

7.3.1  Single  Rotor  (or  Front  Rotor  of  a  Tandem  Rotor 
Helicopter) 

The  rotor  local  stability  derivatives  must  be  evaluated 
at  the  required  rotor  solidity  (<?).  These  derivatives 
are  obtained  by  utilizing  the  values  corresponding  to 
rotor  solidity  of  0  -  0.1  and  by  applying  the 
appropriate  solidity  correction  factors  presented  in 
Section  7.4.  The  rotor  derivatives  for  0  =0.1  were 
obtained  from  the  theoretical  results  of  Reference  1 
and  are  presented  in  the  form  of  nondimensionalized 
charts  in  Section  7.5. 

Some  of  the  rotor  derivatives,  such  as  Y-force  and 
coning  angle  (0„),  for  which  the  numerical  data  was 
not  available  were  determined  analytically  using  the 
classical  rotor  theory.  Wherever  possible,  these 
derivatives  were  expressed  in  terms  of  rotor 
parameters  for  which  the  performance  data  of  Reference  1 
could  be  utilized. 
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7. 3. 1.3  The  Side  Slip  -(ffs)  Derivatives 
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7,3,2  Rear  Rotor  of  a  Tandem  Rotor  Configuration 

The  local  derivatives  for  the  rear  rotor  of  a  tandem 
rotor  helicopter  can  be  obtained  in  exactly  the  same 
manner  as  those  for  the  single  rotor  presented  in 
Subsection  7.3.1.  However,  to  avoid  duplication,  the 
majority  of  the  rear  rotor  derivatives  can  be  formulated 
by  changing  suffix  (F)  to  suffix  (R)  in  the  equations  of 
Subsection  7.3.1  with  the  exception  of  the  following: 


db'R  . 

1.883 

<)q 

1-  12(1.883+ /i2) 

ab,R 

34 
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db. 
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=  0, 


=  M 
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7.3.3  Fuselage  Derivatives 


The  required  local  fuselage  derivatives  are 
obtained  by  taking  slopes  of  the  appropriate  fuselage 
data.  It  is  recommended  that  the  actual  test  data  such 
as  presented  in  References  2  through  4  for  various 
fuselage  shapes  be  utilized  for  this  purpose. 

7.3. 3.1  The  Forward  Speed  ^ufus^  Derivatives 
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7. 3. 3. 2  The  Angle  of  Attack  ^aFus^  Derivatives 
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7,3«3.3  The  Side  Slip  Angle  ^s}  Derivatives 
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4  XFUS  FUS  '  AO 
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NOTE :  The  remaining  fuselage  derivatives  can 
be  neglected 


7.3.4  Wing  Derivatives 


7. 3.4.2  The  Angle  of  Attack  Derivatives 


^Lw 

=  q  awSw 

daw 

dow 

2LW 

aaw 

7 r(  fl), 

The  remaining  wing  derivatives  may  be  neglected. 
However,  if  required, the  additional  wing  derivatives 
can  be  obtained  from  Reference  5, 
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7.3.5  Horizontal  Tail  Derivatives 


The  horizontal  tailplane  derivatives  can  be  obtained 
in  exactly  the  same  way  as  for  the  wing  by  changing 
suffix  (W)  to  suffix  (T). 


7.3.6  Vertical  Tail  (Fin)  Derivatives 


7. 3. 6.1 

The  Forward  Speed 

(uvt)  Derivatives 

0Lvt 

duVT 

lvt 

Vo 
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Vo 

7. 3.6.2 

The  Angle  of  Attack 

(avr)  Derivatives 
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7. 3.6.3 

The  Side  Slip  Angle 
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7.3.7  Tail  Rotor  Derivatives 

7. 3. 7.1  The  Forward  Sreed  (utr)  Derivatives 


7. 3. 7, 2  The  Angle  of  Attack  (q tr)  Derivatives 

d~rTR  _  <3dtr  _  d Y  tr  .  <3qtr  _  q 
dajR  <3aTR  ^aTR  ^aTR 


7. 3. 7. 3  The  Side  Slip  Ancle  (ft$)  Derivative 
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7, 3, 7. 4  The  Tail  Rotor  Collective  (&tr)  Derivatives 


The  remaining  tail  rotor  derivatives,  if  any,  can  be 
neglected. 

7.3.8  Propeller  Derivatives 

The  propeller  local  derivatives  can  be  obtained  from 
appropriate  propeller  charts.  A  good  compilation  of 
propeller  data  is  contained  in  References  6  and  7. 
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7.4  CORRECTIONS  OF  ISOLATED  ROTOR  DERIVATIVES  FOR  VARIATION 
OF  ROTOR  SOLIDITY  (a) 

The  isolated  rotor  stability  derivatives  presented  as 
charts  in  Section  7.5  apply  only  for  a  rotor  solidity 
of  a -O.l  .  In  order  to  evaluate  the  required  stability 
derivatives  for  rotor  having  solidity  aXO.I,  the 
following  solidity  corrections  must  be  applied: 

7.4.1  Solidity  Corrections  for  (u)  Derivatives 


where 


A  <r  =  a  -  0.1 


(  ) o . i  “  denotes  stability  derivatives  for  rotor 
solidity  a  =0.1  .  These  values  can  be 
directly  obtained  from  the  charts  of 
Section  7.5. 


7.4-2 


where 


ax 

<30.75 


0.1 


0.1 


7.5  ISOLATED  ROTOR  DERIVATIVES  FOR  ROTOR  SOLIDITY  a  =0.1 


The  change  of  rotcr  aerodynamic  parameters  with  respect 
to  the  basic  variables,  p  ,  Qr  ,  and  #.75,  are  defined 
here  as  isolated  rotor  derivatives.  These  are 
functions  of  the  trim  values  ac>  /ll  »  #75,  and  M-r,  as 
well  as  of  the  design  variables  cr  ,  6\  ,  and  y  . 

The  isolated  rotor  derivatives  presented  in  this 
section  apply  to  vocor  solidity  of  a  =0.1,  blade 
twist  of  #1  -  0°,  advancing  tip  Mach  number  of  MT  =  0.8 
and  a  range  of  Lock  inertia  number  varying  between 
y  =2.0  and  y  =  25.0. 

One  of  the  prime  parameters  affecting  these  derivatives 
is  rotor  solidity  <j.  In  order  to  obtain  the  required 
values  of  the  derivatives  for  rotor  sclidities  other 
than  a  =0.1,  appropriate  solidity  corrections  must 
be  applied.  Such  corrections  may  be  obtained  by 
utilizing  the  equations  presented  in  Section  7.4.  The 
effect  of  blade  twist  and  advancing  tip  Mach  number  may 
be  obtained  from  the  charts  presented  in  Subsections 
7.5.<*  and  7. 5. 5,  respectively.  The  Lock  inertia  number  y, 
although  generally  negligible  in  performance  work, 
primarily  affects  rotor  flapping  motion.  This  effect 
of  y  on  rotor  flapping  derivatives  can  be  easily 
accounted  for,  since  the  parameters  such  as  coning  sngle 
q0  ,  lateral  flapping  angle  b,  ,  and  higher  harmonic 
flapping  terms  are  essentially  proportional  to  y  . 

The  isolated  rotor  derivatives  have  been  ext;  acted  from 
the  theoretical  rotor  performance  data  presented  in 
Reference  1,  by  utilizing  the  graphical  slope  method. 

The  data  of  Reference  1  include  the  effects  of 
compressibility,  stall,  and  reverse  flow.  The  assump¬ 
tions  of  classical  theory,  such  as  uniform  induced 
velocity,  rigid  blades,  no  radial  flow  and  two 
dimensional  steady  aerodynamic  effects  are  retained. 

These  derivatives  cover  the  range  of  tip  speed  ratios 
between  fj,  =0.3  and  f±  =1.0.  The  derivatives  for  the 
low  p  values,  <  0.2,  were  obtained  from  Reference  2 
and  were  converted  into  the  form  utilized  for  the 
derivatives  of  fi  >  0.3.  The  results  of  Reference  2  are 

based  on  classical  Bailey  theory  with  all  its 
assumptions  and  limitations. 


7.5-1 


7.5.1  Isolated  Rotcr  Derivatives  With  Respect  to  Rotor 
Tip  Speed  Ratio  (M) 


7. 5.1.1 


d&i 

d/x 


for  cr  =  0.  i 


8\  =o°, 


and  Mts0.3 


Figures  1(a)  through  l(i)  present  the  isolated  rotor 
derivative  d{C^/cr)/ dp  as  a  function  of  CL7<7  for 
constant  values  of  0#75  ,  covering  the  range  of  tip 
speed  ratios  from  /x  =  0.1  through  .  The 

values  of  (3 (Cl'/ct)  d/x  for  /x  =  0.1  and  0.2  (Figures  1(a) 
and  1(b))  were  obtained  from  Reference  2  by  utilizing  the 
following  equation: 


a&) 

dfi 


cos  ac- 


d&) 

dp 


sin  ac 


Values  of  the  <3'Xl7ct)  <3/x  for  /x  >0.3  were  extracted 
from  th?  theoretical  rotor  performance  data  of 
Reference  1,  as  slopes  of  the  CL'/cr  va /x  relationships 
for  constant  values  of  075  and  ac  . 
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Figure  1.  Continued 
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Figure  1.  Cont 
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7. 5. 1.2 


fcr  cr=O.I,  6  -  0°,  and  MT=0.8 


a# 


Figures  2(a)  through  2(e)  present  the  isolated  rotor 
derivative  d(C0'/o*)/ dfi  as  a  function  of  CL'/<r  for 
constant  values  of  fi  covering  the  collective  pitch 
range  (075)  between  -4°  and  +12°.  The  values  of  the 
above  derivatives  for  fi  >  0.3  were  extracted  from 
rotor  performance  data  of  Reference  1  by  graphically 
obtaining  the  slopes  of  the  C0'/cr  vs.  p  relationships 
for  constant  values  of  #75  and  etc  .  The  derivatives 
for  p  <  0.2  were  obtained  from  the  data  of  Reference  2  by 
using  the  fol lowing  expression: 
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Figure 
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7.5.1. 3 


for  c  =  0.1 ,  6*|  =  0°,  and  Mt  =  0.8 


Figures  3(a)  through  3(e)  present  the  isolated  rotor 
derivative  d(CQ/o-)  /  (3/x  as  a  function  of  Cl’/c t  for 
constant  values  of  /i  for  the  collective  pitch  range  from 
6  75  ~  -4°  to  6  75  12°.  The  values  of  the  derivatives 

for  fi  >  0.3  were  extracted  from  the  rotor  performance 

data  of  Reference  1  by  graphically  obtaining  the  slopes 
of  the  Cq/ct  vs.  /i  relationships  for  constant  values  of 
6  75  and  ac  .  For  values  of  /i  <  0.2,  the  following 

expression  may  be  used: 
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The  value  of  <3  X/d/x  can  be  obtained  from  Subsection  7.5.1 .6, 

and  the  parameters  S0,  8,  ,  82,  t52,  t55,  t56l . 

can  be  obtained  from  Reference  3. 
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Figure  3.  Continued 
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Figure  3.  Continued 
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Figure 
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Figure  3.  Concluded 


7. 5. 1.4 


for  <t  =  O.I,  #,  =  0?  and  MT=0.8 


da, 


Figure  4  presents  the  rotor  isolated  derivative 
doj/d/x  as  a  function  of  CLVu  for  all  values  of  0  75 
and  /x  =0.1  and  0.2.  These  derivatives  for  p.  >  0.3 

are  presented  in  Figures  5(a)  through  5(g)  as  functions 
of  CL'/cr  for  constant  values  of  6  75. 

The  derivatives  da,/d/x  for  the  values  of  p  <  0.2  were 

obtained  directly  from  Reference  2.  The  values  for 
/x  >  0.3  were  extracted  from  the  theoretical  rotor 

performance  data  of  Reference  1  by  obtaining  the  slopes 
of  the  a,  vs.  /x  relationships  for  constant  values  of  6  75 
and  a  c  . 

The  data  of  Reference  2,  presented  herein  as  Figure  4, 
show  that  the  derivative  of  the  longitudinal  flapping 
angle  0|  with  respect  t  •  ^x  is  independent  of  6j& 
variation  and  is  only  a  function  of  /x  .  However,  for 
high  /x  values  ( /x  >  0.3)  the  results  of  Reference  1 
indicate  a  substantial  variation  of  the  (da|/d/x) 
derivative  with  6.7*  as  well  as  /x  . 
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Figure  4.  Variation  of  — —  With  -  tor 
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Figure  5.  Variation  of  — —  With  — —  for  Constant  Values  of  6 
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Figure  5.  Continued 
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Figure  5.  Continued 
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Figure  5.  Continued 
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•Mgure  5.  Concluded 


7.5.1. 5 


for  cj  =  0.1 ,  9,  =  0° ,  and  MT=  0.8 
dfx 


Figures  6(a)  through  6(g)  present  the  isolated  rotor 
derivative  <3b|/<3/u.  as  a  function  of  CL'/(j  for  constant 
values  of  Q  75  and  a  range  of  tip  speed  ratios  from 
fx  -  0.3  through  j. l  =1.0.  The  values  of  the  above 
derivatives  were  extracted  from  the  theoretical  rotor 
performance  data  of  Reference  1  by  graphically  obtaining 
the  slopes  of  the  b(  vs.  fx  relationships  for  constant 
values  of  (?75  and  ac  .  These  derivatives  are 
specifically  applicable  to  rotors  having  Lock  inertia 
number  y  =  8.0.  However,  since  the  lateral  flapping 
angle  b|  is  essentially  proportional  to  yt  a  correction 
factor  of  y  /8.0  may  be  utilized  to  compute  db\  fd\x 
derivatives  applicable  to  rotors  having  y  values  other 
than  8.0.  Thus: 


Ofj.  y  8.0  Ofx  yse.o 
dbi 

The  ^  derivatives  for  fx  < 
using  the  following  equation: 


0.2  can  be  computed  by 


L=  y  [x(0.209l  — ^j-)  +  -t— 

Ofx  L  3  OfX 


where  i —  can  be  obtained  from  Subsection  7. 5.1.6  and 
dfx 

where  values  of  t,7  can  be  obtained  from  Reference  3. 
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Figure  6.  Continued 
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Figure  6.  Continued 
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Figure  6.  Continued 
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7. 5. 1.6 


ax 

dfi 


for 


cr  =  O.I,  a,  =  0°  and  MT  =  0.8 


Figures  7(a)  to  7 (.1 )  present  the  isolated  rotor 
derivative  aX/d/i  as  a  function  of  CL'/cr  for  constant 
values  of  @75  for  a  range  of  p.  values  of  /x  =0.1 
through  fj.  ~  1.0.  The  values  of  d\/dfj,  for  u.  =0.1 
and  0.2  were  obtained  directly  from  Reference  2.  The 
values  for  >  0.3  were  extracted  from  the  theoretical 

rotor  performance  data  of  Reference  1  by  graphically 
obtaining  the  slopes  of  the  X  vs.  relationships  for 
constant  values  of  0  75  and  ac  . 
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Figure  7.  Variation  of  — r —  With 
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Figure  7.  Continued 
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Figure  7.  Continued 
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Figure  7.  Concluded 


7.5.1. 7 


for  All  Values  of  < r  ,  0,  ,  and  MT 


Reference  1  and  other  reviewed  reports  do  not  include  the 
calculated  data  required  to  determine  the  rotor  Y-force 
derivatives.  It  is  therefore  suggested  that  the 
classical  Bailey  theory  be  utilized  for  this  purpose. 

If  the  above  theory  is  used,  the  following  expression  for 
<3  (C y  '/<r)/dfjL  can  be  derived: 


where 

dop  _  Y  [  0.75  ,  J_  jLLl 

df!  2  L  2^3  dfJi  j 

and  where  doj/d/t  f  and  dX/dfi  are  given  in 

Subsections  7.5. 1.4,  7. 5. 1.5,  and  7. 5. 1.6,  respectively. 

The  above  derivative  is  applicable  to  all  values  of  c r  , 
0, ,  and  MT ,  provided  that  the  pertinent  rotor 
parameters  comprising  it  are  evaluated  at  the  required 
condition. 
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7.5.2  Isolated  Rotor  Derivatives  With  Respect  to  Rotor 
Angle  of  Attack  (ac) 


7.5. 2.1 


for  o’  =  0.1, 


8,-  Of  and  Mt  =  0.8 


Figures  8(a)  through  8(d)  present  the  isolated  rotor 
derivative  d  [Ci/a)/dcic  as  a  function  of  CL'/ a  for 
constant  values  of  fj.  covering  a  range  of  collective 
pitch  settings  from  6 75  =  0  to  075  =  12°. 

The  derivatives  for  fj.  <  0.2  were  extracted  from  the 

data  of  Reference  2  by  using  the  following  expression: 


^  cr  )  _  ^  o-  )  Ch  1  \d[a)  .  Cjl 

“T—  -  H - 1”  i  cos  ac  -  -t—  +  — 


sin  ac 


The  values  of  d  (CT/cr  )/dac  and  d  [CH/a )/ dac  ,  obtained 
from  Reference  2,  are  found  to  be  practically  independent 
of  d75  and  CL'/o-  variations. 

The  values  of  d  [CL'/a)/dac  for  /x  >  0.3  were 

extracted  from  the  theoretical  data  of  Reference  1  by 
graphically  obtaining  slopes  of  the  C\_'/a  vs.  ac 
relationships  for  constant  values  of  fj,  and  6 75  . 
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Figure  8.  Concluded 


7.5. 2. 2 


for 


cr  =  0.1 ,  S,  =0°,  and  MT  =  0.8 


dac 


Figures  9(a)  through  9(i)  present  the  isolated  rotor 
derivative  <3  (CD  7(7)/<3acas  a  function  of  CL'/cr  for 
constant  values  of  9  75  and  a  range  of  fi  from  /x  =  0.1 
through  ji  =1.0. 

The  values  of  (3  (Ct,'/cr)/<3ac  for  ^x  =0.1  and  /x  =0.2 
were  obtained  from  Reference  2  by  utilizing  the 
following  equation: 


<3a  c  i  dctc 


sin  ac 


where  d  (CT  /cr )  /<3ac  and  d  (CH  /<r)/(3ac  were  obtained 
directly  from  Reference  2. 

The  values  of  <3  (Co'/<7)/(3ac  for  ^x  >  0.3  were  extracted 

from  the  theoretical  rotor  performance  data  of  Reference 
1  by  graphically  obtaining  slopes  of  the  Cq'/o-  vs.  ac 
relationships  for  constant  values  of  ^x  and  @75 . 
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Figure  9.  Continued 
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^/Cq  \ 

7.5. 2. 3  for  <r*O.I,  0,=O°,  and  MT  =  0.8 


Figures  10(a)  through  10(g)  present  the  isolated 
derivative  d  (Cq/<t) / dac  as  a  function  of  CL'/<r  for 
constant  values  of  6, 75  and  a  range  of  /x  values  from 
=0.3  through  -  1.0.  These  were  obtained  from 
performance  data  of  Reference  1  as  slopes  of  the  CQ/cr 
vs.  ac  relationships  for  constant  values  of  /x  and  6 75  . 

For  the  values  of  p.  <  0.2,  the  following  expression 
may  be  used: 

0 ac  1  Ofi  J  dac  L  o\  J  oac 

where  <3  (CQ /<r) /d /x  and  d\/dac  are  obtained  from  Sub- 
section  7.5.1. 3  and  7. 5. 2. 6,  respectively,  and 


dp 

-r - -  -/x  tan  ac 

oac 

3  i  r  1 

~~d\  =  ~Z  L  1  *52+  ^  *55+^2*56075"*°  (2  X  t4,  +  t42075)  j 


Values  for  8,  ,  82,  t 52.  *55i  *5«»  U\ ,  and  Uz  may  be 
obtained  from  Reference  3. 
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Figure  10.  Concluded 


7. 5. 2. 4  for  <r  =  0.1 ,  0,  =  0°  and  MT  =  0.3 

Figures  11(a)  through  11(d)  present  the  isolated  rotor 
derivative  da|/dac  as  a  function  of  C LV<y  for  constant 
values  of  fi  and  a  range  of  Q  75  values  from  6  75  =  0° 
through  0 75  *  12°. 

The  values  of  dG|/(3ac  for  =0.1  and  /1  =0.2  were 
obtained  directly  from  Reference  2. 

The  values  of  daj/dc ic  for  p  >  0.3  were  obtained  from 

the  theoretical  rotor  performance  data  of  Reference  1 
by  graphically  obtaining  slopes  of  the  a(  vs.  ac 
relationships  for  constant  values  oi  and  0 75  . 
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Figure  11  Continued 


7.5. 2.5 


for  o-  =  0.l,  9 1=0°,  and  MT  =  0.8 


Figures  12(a)  through  12(d)  present  the  isolated  rotor 
derivative  db|/dac  as  a  function  of  Cl'/o-  for  constant 
values  of  ft  and  a  range  of  0  75  values  from  0  75  -  0 
through  075  =  12°.  These  derivatives  were  obtained  from 

the  theoretical  data  of  Reference  1  by  graphically 
obtaining  slopes  of  the  b|  vs.  ac  relationships  for 
constant  values  of  ft  and  075  .  These  derivatives  are 
specifically  applicable  to  rotors  having  Lock  inertia 
number  y  =8.0.  However,  since  the  lateral  flapping 
angle  b|  is  essentially  proportional  to  y  ,  a  correction 
factor  of  y  /8.0  may  be  utilized  to  compute  db|  /dac 
derivatives  for  rotors  having  y  values  other  than  8.0. 
Thus : 


dac  y  8.0  dac  y=8  0 

The  db,/dac  derivatives  for  fi  <  0.2  can  be  computed  by 

using  the  following  expression: 


'ST1 '  *' 'TT  +  ■¥> 


where  dX/d^t  is  presented  in  Subsection  7. 5. 1.6,  and 
where  values  of  tl7  can  be  obtained  from  Reference  3. 
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7. 5. 2. 6 


for  cr  =0.1,  0|  =  0°,  and  MT=0.8 


ax 

d<xc 

The  derivative  d\/dctc  is  plotted  in  Figure  13  as  a 
function  of  fi  and  is  applicaole  for  all  values  of  075 
and  Cl/o’ .  The  values  of  dX/dac  for  p  =  0.1  and 
fi  =0.2  were  obtained  directly  froia  Reference  2.  For 
fi  >  0.3,  the  values  were  extracted  graphically  from 

the  theoretical  rotor  performance  data  of  Reference  1. 
The  results  obtained  are  applicable  for  all  values  of 
6 _75  ,  Cl  / cr  ,  and  o*. 
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Figure  13.  Variation  of  With  p  for 
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7. 5. 2. 7 


for  All  Values  of  <r,  @,,  and  MT 


dac 


Reference  1  and  ocher  reviewed  reports  do  not  include  the 
calculated  data  required  to  obtain  the  rotor  Y-force 
derivatives.  * 

It  is  therefore  suggested  that  the  classical  Bailey 
theory  be  utilized  for  this  purpose.  If  the  above  theory 
is  used,  the  following  expression  for  d  (C ^'M/doiQ  can  be 
derived: 


-§-/*  te75+2X)] 


do, 

dac 

(3b, 

dac 

075(  Y  +  y /x2)  +  x(j  +  y  /)  +  ~  *  0|] 

,  d\ 
dac 

Lb)lf Ai0°]} 

where 

do0  _ 
dac 

xL- 
2  •* 

@75  2  •  l  d  X  1 

ti  sin  2ac  +  —  -r - 

4  ^  c  3  dac  J 

and  where  @0|/@ac,  db,/@ac>  and  d^/OOQ  are  giVQn 
Subsections  7.5. 2.4,  7. 5. 2. 5,  and  7. 4*2. 6,  respectively. 


The  expression  for  the  isolated  rotor  derivative 
d  [Cy'/cr) / daQ  as  given  above  is  applicable  for  all 

values  of  a ,  @,  and  MT,  provided  that  the  pertinent  rotor 
parameters  comprising  the  derivative  are  evaluated  at  the 
required  conditions. 


7.5-88 


7.5.3  Isolated  Rotor  Derivatives  With  Respect  to  Rotor 
Collective  Pitch  at  75%  Radius  (fl.7s) 


7.5. 3.1 


<36 


for  cr=0.l,  @1=0°,  and  Mx  =  0.8 


.75 


Figures  14  through  15(g)  present  the  isolated  rotor 
derivative  <3  (C|_'/cr)/d  ^.75  as  functions  of  CL'/a  and 
etc  f°r  ^  =0.1  through  1.0. 

The  derivatives  for  low  fx  values,  i.e.,  fx  <  0.2, 

were  obtained  by  using  the  following  equation: 


<3(%-i 

a  075 


a  a. 75 


cos  ac  - 


<30.75 


sin  ac 


where  d(C  ’or)/ <3  6.75  and  <3  (CH/oO/d#™  were  obtained 
from  Reference  2.  Values  of  <3(CL'/cr)/  do. 75  for 
ft  >  0.3  were  extracted  graphically  from  rotor 

performance  data  of  Reference  1  by  obtaining  slopes  of 
the  CL'/o-  vs.  tf75  relationships  for  constant  values 
of  ji.  and  ac  . 

Figure  14  indicates  that  for  fx  <  0.2  the 

derivatives  are  practically  independent  of  ac  and  CL '/cr 
variations,  whereas  these  for  a  >  0.3  presented  in 

Figures  15(a)  through  15(g)  are  functions  of  ac  and  CL'/o\ 
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Figure  15.  Continued 
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Figure  15.  Continued 
(f)  u  =  0.8 
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Figure  15.  Concluded 


7. 5. 3. 2 


for  (7=0.1,  @,  =  0°,  and  MT  =  0.8 


a* 

ae7g 

Figures  16(a)  through  16 (i)  present  the  isolated  rotor 
derivative  d  (C0  '/a)/d8 ,76  as  a  function  of  CL'/<r 

for  constant  values  of  ac  and  a  range  of  fi  from 
fi  =0.1  through  fi  =  1.0. 

The  above  derivatives  for  /x  <  0.2  were  obtained  by  using 

the  following  equation: 


<36.75 


dfe) 

<36.75 


sin  ac  + 


<3 

<36.7S 


cos  ac 


where  d  (Cj  /o*)/  d  @75  and  d  [Ch  /<r)/d6,7&  were  obtained 
from  Reference  2.  For  p  >  0.3,  5  (C0  '/a)  /  d  6  75  was 

extracted  graphically  from  the  theoretical  rotor  perform¬ 
ance  data  of  Reference  1. 
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Figure  16.  Continued 
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Figure  16.  Continued 


Figure  16.  Continued 
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Figure  16.  Concluded 


7. 5. 3. 3 


for  cr=O.I,  9 1  =  0°,  and  MT=0.8 


d(% 

dO,  n 


Figures  17(a)  through  17(g)  present  the  isolated  rotor 
derivative  d  [Cq/ct)/ d9  75  as  a  function  of  CL'/<r  for 
constant  values  of  ac  and  a  range  of  tip  speed  ratios 
from  fi  =0.3  through  p.  =  1.0.  The  values  of  the  above 
derivatives  for  fi  >  0.3  were  extracted  graphically 

from  the  theoretical  rotor  performance  data  of 
Reference  1. 


For  fi  <  0.2,  the  following  expression  was  used: 


<^.75 


1 

2 


S|  t53+X  (S2t56--a  t42^  +  2^75(82  ^ 58 


+  [^|t52+  2X(82t55-a  U()  +  ®.75(^2^56“°U2']  } 

where  d\/d075  is  presented  in  Subsection  7. 5. 3.6.  and 
where  8,  ,  8 2  ,  t  53  ,  1 56  , t58  ,  t  52  , . . . .  can  be  obtained 
from  Reference  3. 
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Figure  17.  Continued 
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Figure  17.  Continued 
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Figure  17.  Concluded 


7.5. 3.4 


for  0*  =  O.I,  6 j  =  0°,  andMT=0.8 


?■ 


do\ 


de 


.75 


Figure  18  presents  the  variation  of  the  isolated  rotor 
derivative  do\/dQ75  as  a  function  of  rotor  tip  speed 
ratio  fi  . 

For  values  of  /x  <  0.2,  the  above  derivative  was 
obtained  by  using  the  following  expression: 


dot  d\ 

30.75  S  14  dB.  75 


+ 


where  d\/d975  is  presented  in  Subsection  7.5. 3. 6  and 
where  t|4>  t|5  can  be  obtained  from  Reference  3. 

For  values  of  fi  >  0.3,  the  do \/d67$  derivative  was 
obtained  graphically  by  using  the  theoretical  data  of 
Reference  1. 

The  results  obtained  are  applicable  for  all  values  of 
0.75>  CLVo-,  and  ac . 
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7.5. 3.5 


for  (T  =  0.1  ,  0\  -  0° ,  and  Mj  *  0.8 


db, 

d  d  75 


Figure  19  presents  the  variation  of  the  isolated  rotor 
derivative  dbi/dd.75  as  a  function  of  rotor  tip  speed 
ratio  fj.  . 

For  values  of  fj.  <  0.2,  the  above  derivative  was 
obtained  by  using  the  following  expression: 


db| 

~d9~ 


■-  r 


1,7 


d\ 

de 


where  d  X/dO  75  is  presented  in  Subsection  7.5. 3.6  and 
.where  t)7  ,  t  ,8  can  be  obtained  from  Reference  3. 

For  values  of  >  0.3,  the  values  of  d bj  /d075  were 

extracted  graphically  from  the  theoretical  data  of 
Reference  1. 

The  results  obtained  are  applicable  for  all  values  of 

$.75  1  CL  /c ,  <*c  >  anc*  y  =  8.0. 

As  ejylained  previously  for  y  values  other  than  8.0, 
the  Ob|/d0  75  derivatives  can  be  obtained  as  follows: 


d  b  1 

<39.7= 
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db  1 

8.0  'de 


.75 


y  =  8.0 
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7.5. 3.6 


for  <t  =  0.I,  @|=0°,  and  M7  s  0.8 


d\ 

dQj 


Figure  20  presents  the  variation  of  the  isolated  rotor 
derivative  d\/d9, 75  as  a  function  of  rotor  tip  speed 
ratio  f±  . 


For  values  of  /x  <  0.2,  the  above  derivative  was 

obtained  by  using  the  following  expression: 


2  r  <?&)  1 
0  L  de_7i  J 


ax  . 


32 


de 


.75 


31 


where  d  (CL'/<r)  id  9  75  is  presented  in  Subsection  7. 5. 3.1 
and  where  t3, ,  t32  can  be  obtained  from  Reference  3. 

For  fi  >  0.3,  the  values  of  the  dX/<3075  derivative 

were  extracted  graphically  from  the  theoretical  data  of 
Reference  1. 

The  results  obtained  are  applicable  for  all  values  of 
0.75  .Cl'/o',  and  ac  . 
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7. 5. 3. 7 


for  All  Values  of  or  ,  9\  ,  and  My 


a  (4^) 

Reference  1  and  other  reviewed  reports  do  not  include 
the  calculated  data  required  to  evaluate  the  rotor 
Y-force  derivatives.  It  is  therefore  suggested  that  the 
classical  Bailey  theory  be  utilized  for  this  purpose.  If 
the  above  theory  is  used,  the  following  expression  for  the 
isolated  rotor  derivative  d  (CY  '/<r)/dd75  can  be  derived: 


d&) 

ders 


["T  +'i(~'i0o  +  lL)] 

[$TB<T  +  T'tl,  +  MT+'tl,+  J7L] 


da  | 
db| 


de.7s 


3_ 

4 


fi  o0  +  b,  +  -|-/x2  )  } 


where 


dop 

M?* 


JL 

2 


(I  -/a’ 


ax  I 

^.75 


and  where  dQ\/d975  ,  db|/d0  75jand  d\/dd75  are  given  in 
Subsections  7. 5.3.4,  7 . 5 . 3 .* 5 ,  and  7. 5. 3. 6,  respectively. 

The  above  derivative  is  applicable  for  all  values  of  <r, 

9 1  ,  and  Mt,  provided  that  the  pertinent  rotor  parameters 
comprising  this  derivative  are  evaluated  at  the  required 
condition. 
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7.5.4  Effect  of  Blade  Twist  on  the  Isolated  Rotor 
Derivatives 

This  section  presents  the  effect  of  linear  blade  twist  on 
various  rotor  isolated  derivatives  with  respect  to  the 
basic  variables  fi  ,  ,  and  #.75  . 

The  effect  of  blade  twist  on  each  isolated  rotor 
derivative  for  a  selected  range  of  pertinent  rotor 
parameters  is  shown  on  the  comparison  plots  of  Figures  21 
through  23.  The  plots  present  the  derivatives  for  zero 
blade  twists  together  with  the  corresponding  derivatives 
obtained  for  linear  twists  of  -8°.  These  plots  are  based 
on  the  theoretical  data  of  Reference  1. 

7. 5. 4.1  Effect  of  Blade  Twist  on  the  Isolated  Rotor 
Derivatives  With  Respect  to  M 

Figures  21(a)  through  21(f)  give  an  indication  of  the 
effect  of  blade  twist  on  the  derivatives  d  (Cj.  Vcr)/ <3/x  , 

d  (CD'/cr)  /  dfi  ,  d  ICQ  /  a)  /  _d  fi  ,  dd\/dfi  ,  dby/dp  , 
d  X  /dfi  >  respectively.  A  rotor  tip  speed  ratio  of 
fi  =0.4  and  an  advancing  tip  Mach  number  of  Mj  =  0.8 
are  selected  for  this  presentation.  The  collective  pitch 
range  covers  values  from  #,75=  "4°  to  S75  -  12°. 
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Figure  21. 


Figure  21.  Continued 
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Figure  21.  Continued 
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Figure  21.  Concluded 


7. 5, 4. 2  Effect  of  Blade  Twist  on  the  Isolated  Rotor 
Derivatives  With  Respect  to  etc 


Figures  22(a)  through  22(f)  present  an  indication  of  the 
effect  of  blade  twist  on  the  isolated  rotor  derivatives 

»  (3  1Cq/<t)/$(Ic  >  (3(Cq/c)/()(Xc  > 

dQ\/dac  ,  <3b|/dac  ,  d\/dac  ,  respectively.  A 
rotor  tip  speed  ratio  of  p  =0.4  and  an  advancing  tip 
Mach  number  of  MT=  0.8  are  selected  for  this  presenta¬ 
tion.  The  collective  pitch  range  covers  values  from 
0.75  =  -4°  to  0.75  =  12°. 


Figure  22.  Effect  of  Blad 
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Figure  22. 
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Figure  22. 
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(f)  d\/dac 
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7. 5. 4. 3  Effect  of  Blade  Twist  on  the  Isolated  Rotor 
Derivatives  With  Respect  to  8. 75 


Figures  23(a)  through  23(f)  present  an  indication  of  the 
effect  of  blade  twist  on  the  isolated  rotor  derivatives 
d  (c / <t }  /  (3  8  75  ,  d  (C 0 / <t)  /d 6  75  ,  d  {Cq /<r)/dQj£y  do  \/ d $.75 
db,/d0>75  ,  d\/dB7i  ,  respectively.  A  representative 
rotor  tip  speed  ratio  of  fi  =0.3  and  an  advancing  tip 
Mach  number  of  MT  =  0.8  are  selected  for  this  presenta¬ 
tion.  The  range  of  rotor  angle  of  attack  extends  from 
ac  =  +5°  to  ac  =  -20°. 
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Figure  23.  Continued 
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Figure  23.  Continued 
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7,5.5  Effect  of  Compressibility  on  the  Isolated  Rotor 
derivatives 


This  section  presents  the  effect  of  advancing  blade  tip 
Mach  number  on  various  isolated  rotor  derivatives  with 
respect  to  the  ba^ic  aerodynamic  variables  fi  ,  ac  ,  and 

0.75  * 

The  effect  of  compressibility  on  each  rotor  derivative 
for  a  selected  range  of  pertinent  rotor  parameters  is 
shown  on  the  comparison  plots  of  Figures '24  through  26. 

The  plots  present  the  derivatives  for  the  basic  case  of 
Mf  =  0.8  and  ©j  =  0,  together  with  the  derivatives 
obtained  for  MT  =  0.9  and  0,  =  0. 

These  plots  are  based  on  the  theoretical  data  of 
Reference  1. 

7. 5. 5.1  Effect  of  Compressibility  on  the  Isolated  Rotor 
Derivatives  With  Respect  to  M 

Figures  24(a)  through  24(f)  present  an  indication  of  the 
effect  of  Mach  number  variation  on  the  isolated  rotor 
derivatives  <3  (CL  !/cr)  /  df.i  ,  <3  ICn  V cr )  /  dp  , 

<3 (Cq /c)/dfi  ,  dQ(/dfi  ,  db\/dfi  ,  and  d\/dfi  , 
respectively.  The  results  are  presented  for  tip  speed 
ratio  of  fj,  =0.4  and  a  range  of  S75  from  075  -  -4° 
through  ©75  =  12°. 
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Figure  24 
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Figure  24.  Continued 
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Figure  24.  Continued 
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Figure  24.  Concluded 


7. 5.5. 2  Effect  of  Compressibility  on  the  Isolated  Rotor 
Derivatives  With  Respect  to  ac 

Figures  25(a)  through  25(k)  present  an  indication  of  the 
effect  of  Mach  number  variation  on  the  isolated  rotor 
derivatives  <3  (CL  Vcr) /<3ac  »  <3(Co  ’/o")  /<3ac  > 
d  (C Q /cr)  /<3ac  ,  <3 a |  /d ac  ,  <3b,  /<3ac  >  and  (3X/<3ac  > 

respectively.  The  results  are  presented ’for  two  values 
of  tip  speed  ratios,  u  =0.3  and  /x  =  1.0,  and  a 
representative  range  of  collective  pitch  settings  for 
each  fi .  The  two  different  values  of  /i  were  purposely 
selected  in  order  to  show  the  compressibility  effects  in 
low  and  high  speed  regimes. 
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Figure  25. 
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Figure  25.  Continued 
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Figure  25.  Continued 
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Figure  25.  Concluded 
(k)  d\/dac  for  all  values  of  p 
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7.5.5. 3  Effect  of  Compressibility  on  the  Isolated  Rotor 
Derivatives  With  Respect  to  ff.75 


Figures  26(a)  through  26 (i)  present  an  indication  of  the 
effect  of  Mach  number  variation  on  the  isolated  rotor 
derivatives  d  (C  L  7<r)  d  0  75  ,  d  (C  0  '/cO  d9, 75  , 

d  (C  q /cr)  /  d  0.75  ,  d  o  1  /  30.75  >  0b|/00.75  >  and 
d\/o6' 75  ,  respectively.  The  results  are  presented  for 

two  values  of  tip  speed  ratios,  /x  =0.4  and  /x  =1.0, 
and  a  representative  range  of  rotor  angle  of  attack  for 
each  /x  .  The  two  different  values  of  /x  were  purposely 
selected  to  show  the  compressibility  effects  in  low  and 
high  speed  regimes. 
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Figure  26.  Continued 
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(g)  <3o|/<3075  for  all  values  of  — 
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Figure  26.  Continues 


(h)  db|/(3@7jj  for  all  values  of  — 
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Figure  26.  Continued 
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(h)  db|/3075  for  all  values  of 
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7.6  DOWNWASH  INTERFERENCE  EFFECTS 


Interference  effects  between  aerodynamic  components  can 
be  expressed  in  terms  of  changes  of  local  velocity  and 
local  angle  of  attack.  Changes  in  the  effective 
velocity  cue  to  aerodynamic  interference  are  generally 
small  and  are  herein  neglected.  Changes  in  local  angle 
of  attack,  however,  can  be  appreciable.  In  general, 
the  local  angle  of  attack  of  an  aerodynamic  component 
can  be  expressed  in  terms  of  the  remote  stream  angle  of 
attack  and  interference  angles  as  follows: 


a  local  s  a  +  ‘  € 


where 

a  remote  wind  angle  of  attack  relative 

to  the  X-axis 

i  the  geometric  inclination  of  the 

specific  aerodynamic  component 
considered  with  respect  to  the  X-axis 

e  aerodynamic  interference  angle. 

For  the  helicopter  configurations  considered  here,  the 
aerodynamic  interference  is  generated  mainly  by  the 
downwash  velocities  of  the  rotors.  Hence,  each  rotor 
can  affect  any  other  rotor,  the  fuselage,  and  any 
lifting  surface  attached  to  the  fuselage.  The  downwash 
velocity  of  a  rotor  varies  with  time  as  well  as  with 
location.  The  determination  of  the  effect  of  such  a 
varying  velocity  distribution  on  the  lift  and  drag  of 
a  rotor,  fuselage,  or  lifting  surface  is  an  exceedingly 
complicated  task;  in  fact,  to  be  consistent  with  other 
assumptions  made,  it  is  not  required  in  the  stability 
and  control  analysis.  Indeed,  it  is  adequate  to  assume 
that  the  effective  change  of  angle  of  attack  of  an 
aerodynamic  component  due  to  rotor  downwash  is  equal  to 
the  average  downwash  velocity  of  the  rotor,  divided  by 
the  free  stream  velocity,  and  multiplied  by  an 


appropriate  downwash  interference  factor.  Hence,  the 
angle  due  to  downwash  interference  of  the  front  rotor 
on  the  rear  rotor  of  a  tandem  helicopter  is  given  by 


€r  =  w  ) 

v  0 

where  KFR  is  the  interference  factor  of  the  front  rotor 
on  the  rear  rotor,  as  identified  by  the  subscripts  fr  ; 
V|F  is  the  average  induced  velocity  at  the  front  rotor 
plane.  The  term  VjF  is  obtained  by  use  of  the  momentum 
equation  as  follows: 


The  downwash  interference  angles  of  the  front  rotor  on 
the  rear  of  a  tandem  rotor  helicopter  or  front  and  rear 
rotors  on  other  aerodynamic  components  can  therefore  be 
written  as  follows: 

(a)  Front  Rotor  on  Rear  Rotor 

*R  =  KFR[tan  ac-^jr]p 

(b)  Fuselage 


*c  -Wr) 


\ 


Jr 
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(c)  Wing 


eW  =  K Fw  tan  aCF  ^  v]  +  Krw.  tan  QCr  ^  /i. 


(d)  Horizontal  Tail  Surface 

€T  =  KFT^tcn  acF“^)F]  +  KRi[tan  acR~{Jr*R. 

(e)  Vertical  Tail  Surface 

€vT  =  KFvr[tan  acF"^v]  +  KRV7itan  acR“^R] 


(f)  Rear  Rotor  on  Front  Rotor 

<r=V'anaCR'(£V 

(g)  Tail  Rotor 

€TR=KFTR[_tan  aCF"^F]  +  KRTR[ton  aCR“^^R] 

/ 

On  the  basis  of  data  on  the  downVash  behind  a  single 
rotor,  such  as  Reference  1,  it  has  been  concluded  by 
other  investigators  that  a  presentation  of  the  downwash 
factor  as  a  function  of  wake  angle  will  yield  more 
accurate  results.  The  wake  a?lgle  is  defined  by 


X  “  ai  +  ton  '[.(“) 
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The  variation  of  the  interference  factor  KFR  as  a 
function  of  x,  neglecting  rotor  overlap  and  differential 
rotor  height,  may  be  taken  as  that  suggested  in 
Reference  2,  and  is  presented  in  Figure  1. 

This  factor  is  obtained  from  the  theory  of  Reference  3 
and  represents  the  value  of  the  ratio  of  the  downwash 
at  the  location  of  the  center  of  the  rear  rotor  to  the 
downwash  at  the  center  of  the  front  rotor.  The  theory 
is  based  on  the  downwash  due  to  one  isolated  rotor  and, 
hence,  neglects  the  effect  of  the  presence  of  the  rear 
rotor  on  the  resultant  flow  of  the  front  rotor. 
Correlation  with  test  data,  similar  to  those  obtained 
in  Reference  4,  is  required  to  check  the  validity  of 
this  assumption.  It  is  recommended  that  until  better 
information  becomes  available,  the  value  of  KFR  as 
presented  in  Figure  1  should  be  used.  It  is  also 
recommended  that  KFT  be  taken  equal  to  KFR.  Very  little 
information  is  available  on  the  effects  of  the  rear 
rotor  on  the  front  rotor.  Some  investigators  recommend 
the  use  of  K RF  =  -0.08  to  indicate  the  existence  of  a 
slight  upwash.  Until  more  reliable  data  become 
available,  it  is  recommended  that  KRF  =  0  be  utilized. 

Measurements  of  fuselage  lift  and  drag  reported  in 
Reference  5  indicate  that  for  a  single  rotor  helicopter 
Kffus  *-s  approximately  1.0.  Also,  test  data  presented 
in  Reference  5  on  the  horizontal  tail  interference 
factor  are  reproduc  d  here  as  Figure  2.  These  data  were 
obtained  for  the  horizontal  tail,  located  approximately 
one  rotor  radius  behind  the  rotor  center.  Based  on 
these  data,  it  is  recommended  that  KFT  =  1.0  be 
utilized. 

In  summary,  the  following  values  for  the  downwash 
interference  factors  are  recommended: 

K  FR  -  see  Figure  1 

KFt=  KFvr  KFyR=  Kfr 


^FFUJf  ^FW 
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ROTOR  INTERFERENCE  FACTOR,  KFR 
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Figure  1.  Variation  of  KFRvs.  x 
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Figure  2.  Interference  Factor  at  a  ’’Half  Tee”  Tail 
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Krts  Krvt=  Krtr=  Krfus  =  Krw=  1.0 


krf=  1.0 


NOTE:  The  values  of  KFW  and  KRW  are  given  for  a  wing 

located  at  a  distance  of  less  than  one  rotor  radius 
aft  of  front  or  rear  rotor  shaft,  respectively. 
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7.7  LIFTING  SURFACE  CHARACTERISTICS 


The  aerodynamic  characteristics  of  lifting  surfaces  are 
documented  in  numerous  NACA  and  NASA  publications.  As 
described  in  Reference  1,  the  aerodynamic  coefficients 
and  their  derivatives  with  respect  to  pertinent  stability 
parameters  depend  on  the  specific  geometric  configura¬ 
tion  of  the  lifting  surface.  In  general,  it  is  adequate 
to  use  the  following  expressions  for  a  lifting  surface 
such  as  a  wing: 

c  -  L* 

L"  '  P^o 

Sw 

-  owa  w 

where 

s 

o 

O 

a  w 

°°w 

1  +  — % 

7 r  >R 

o 

o 

< 

H 

wing  section  lift  curve  slope 

wing  aspect  ratio 

and 

aw  = 

a  +  iw  ~  ew 

Also, wing  drag 

coefficient  is  given  by: 

where  Cdow  is  the  wing  section  profile  drag 
coefficient.  Values  for  the  stability  deriva¬ 
tives  of  lifting  surfaces  can  be  obtained  from 
Reference  1. 
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SECTION  8.  STABILITY  CHARACTERISTIC  EQUATIONS 


The  linearized  equations  of  motion  given  in  Section 
6  can  be  represented  as  a  set  of  homogeneous _algebraic 
equations  containing  the  unknowns  U,  “v,  w" ,  0,  (f>f\f/,etc, , 
and  the  operator  A .  This  operator  is  defined  as  the  time 
rate  of  change  of  the  unknowns,  thus:  A  E  d(  )/dt  and 
A2 H  d2 (  )  / dt2  ,  etc . 

The  simultaneous  solution  for  the  unknowns  can  be 
obtained  by  employing  the  usual  determinant  methods  which 
yield 


-  f ,  (A)  -  f  2  (A)  -  f  3  (A)  H  f  4  (A) 
tJS  F(A)  ’  V  "  F( A)  •  W'"  F  (A)  ’  9  '  F  (A) 


The  numerator  determinants  f|(A)  ,  f 2  (A)  ...  f4(A)  ...  are 

formed  by  replacing  the  coefficients  of  the  appropriate 
unknown  variables  by  the  column  of  constants  which  pertain 
to  the  control  inputs.  The  denominator  determinant  F  (A) 
consists  of  the  coefficients  of  the  homogeneous  algebraic 
equations  with  control  inputs  fixed  at  zero.  The  deter¬ 
minant  F(A)  is  known  as  the  stability  determinant.  Expansion 
of  the  determinant  F(A)  leads  to  the  stability  characteristic 
equation.  The  property  of  this  type  of  equation  is  that 
there  can  be  nonzero  values  of  the  unknowns  (u,  v,  vr)  if, 
and  only  if ,  the  determinant  F  (A)  =  0.  Setting  the 
determinant  equal  to  zero  provides  the  condition  for  finding 
the  roots  of  the  characteristic  equation  A|  ,A2  . . An 

In  order  to  obtain  the  actual  response  solution  of 
the  unknown  variables  (u,  v,  vr)  due  to  a  given  forcing  function 
or  control  input,  the  Heaviside  expansion  theorem  can  be 
used.  The  Heaviside  expansion  method  is  developed  in 
Reference  1,  pages  436  to  438,  and  will  not  be  duplicated  in 
this  section;  however,  the  final  response  equations  are 
given  below. 

If  it  is  assumed  that  the  stability  characteristic 

equation  F(A)  =  0  yields  n  teal  roots,  A|  ,  A2  . A n  and  m 

pairs  of  complex  roots ,  Arrfantfbmi  ,  the  time  history  response 


8-1 


of  any  variable  (e.g.,  variable  6 )  can  be  expressed  as 
follows : 


z  f  4<A)  f4{0) 


An  *  ,k\  »  Jim 

•X  XF®*'  *  2  A.”"1  »(*„,+  «>) 

A  =  A.  1  A  =  Ai 


6  - 


F  (A)  F  (0) 


where  the  constants  A  and  <1>  can  be  obtained  by  using 
appropriate  boundary  conditions. 

In  the  case  that  one  of  the  real  roots  of  the 
characteristic  equation  is  zero  (  i.e.»  A|*  0),  the  response 

equation  becomes 


f4(A) 
F  (A) 


f4(0) 
F'{  0) 


♦  + 


An 

I 

A*  A- 


f4(A) 

AF'(A) 


At 

e  + 


X  Ae°mtsin(bmt+4>) 
A*  A| 
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3.1  COUPLED  LONGITUDINAL  AND  LATERAL  MOnES  INCLUDING 
STABILITY  AUGMENTATION  SYSTEM 


In  this  section,  the  generalized  case  of  aircraft 
perturbation  motion  consisting  of  6  degrees  of  freedom 
of  aircraft  motion  and  2  degrees  of  freedom  of  the 
motion  of  the  stability  augmentation  system  is 
considered.  The  analysis  presented  herein  is  suitable 
for  either  analog  or  digital  computer  work. 

The  linearized  equations  of  motion  presented  in 
Section  6  can  be  expressed  as  follows: 

(a)  The  X-Force  Equation 


u  +  o,2v  +  ol3vr  +  o14e  +ol5^  +  o,6^+al7Bls  +  a18Als=:<, 

(b)  The  Y-Force  Equation 

az,  u  +  a22  v  +  a23  w  +  o24 8  +  a25 (/>  +a26 £  +  o27B,s  +o28  Alg  =  K2 

(c)  The  Z-Force  Equation 


o3i  u+o32v  + 033^  +  ^34^+035  ^  +  036^  +  a37Bis  +  038 AIS  =  K3 

(d)  The  Rolling  Moment(X)  Equation 


Q^l  0  +  0^2  V  +  0^3  W" ' 


l440  +  a45^  +a46^  +a47B,c  +o48A.  =  K, 
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( e )  The  Pitching  Moment  (M)  Equation 

a5|U  +  a52  v+a53w  +  a54^  +  a55^  +  a56\j/  +  a57B|s  +  058A|f,  =K? 

( f )  The  Yawing  Moment  (N)  Equation 

a  61  u  +  a62v  +  a63  w  +  0^0  +  a65  $  +  +  a67  B.s+ a68A,s  =  K6 

(g)  Stability  Augmentation  System  Equations 
(i)  Longitudinal  Control  (Bis)  Equation 


o7,  u  +  a72  v  +  a73  w  +  a74  8  +  a75c/>  +  a76vj/  +  077615  +q78^is  =  K7 


(ii)  Lateral  Control  (A,s )  Equation 


'81 


u  +  a8?.  v  +  oH^  w+a 


83 


'84^  +a85^  +  a86  ^  +  a876|e+  0 


88^ls  =^8 


The  coefficients  a  m  n  and  the  control  parameters  Kn 
are  given  in  Table  I. 

The  numerator  determinant  f4(A)  required  to  determine 
the  response  of  variable  { 8 )  is  given  by 


all 

°I2 

0.3 

K,  . 

0 18 

°2I 

°22 

a23 

K? 

°28 

f  4  (A)  = 


°8I  °82  °83  ^6 


°88 


4 
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TABLE  I 


DETERMINANT  FOR  AIRCRAFT  RESPONSE  ANALYSIS 


4 

5 

6 

7 

8 

K 

Xg+XgA 

+X0A2 

X^A 

X^A 

Xb'S 
+  Xa,sA 

X 

4Xa;  A 

A|$ 

-J,  XB|cB|c“  J2XA|c  A,c 
“^3  xSrc  ^rc  ”  J4  X0C  dc 

Y0A 

Y^+Y^A 

Y^+Y^A 

Y  □ 

B's 

+Y»|SA 

Ys 

+ya,sA 

-J,Ya  BT-J2YAi  A” 

'  \  c  z  A,c  c 

-J3Y8rc§7c-J4Y Qcel 

Zg+ZgA 

+Z0A2 

Z$A 

Z^A 

0 

0 

“JiZb,cb«c“J2ZA|c  aic 
“  J3zSrc$rc  ~'j4z8c^c 

xe+xeA 

+X0A2 

X«j,A 

+X£AZ 

X^A 

+X^AZ 

0 

0 

-J,iB^Blc“J2^A|cAlc 
“  ^3  Src  ^Tc  ~^4  ^  6t^C 

M#  A 
+MgA 

M<£A 

+M^AZ 

Mj,A 

+M^A 

0 

0 

""Jl  MB|cB,c“J2MA,c Alc 
“^3^Sfc  %Tq  ~  ^4^0C^C 

Nfj  A 
+NgA2 

N^A 

+N^A2 

N^A 

+N^A2 

% 

+  M9isA 

0 

“JINB,CBIC“J2NA|CAIC 

-J3NBrc^  -J4N e& 

-(k,  A 
+  k2AZ) 

0 

0 

A+D, 

+d2b“ 

0 

0 

0 

kg  A 
+  k6A2 

0 

0 

A+D, 

+DZA^ 

0 

-  tW8(6« 2  *£££**  fn  T ''iHfgj 


The  numerator  determinants  fj(A),  f2(A),  ^3 (A)  ,  etc. 

required  for  response  calculations  of  the  perturbation 
variables  u,v,vr,  etc.,  are  cbtained  by  replacing  the 
coefficients  of  columns  2  and  3  by  the  set  of 
control  coefficients  K, ,K2,  .  Ke,  respectively. 

The  stability  determinant  F(A)  i*  given  by: 


F  (A)  = 


II  UI2 


'21  u22  u23 


dl  u82  u83 


18 


'28 


'88 


Expanding  the  stability  determinant  F  (A)  =  0  yields 
the  generalized  characteristic  equation  as  follows: 


n  n-i  n-2 

AA  +B  A  +C  A  + 


+  E  =  0 


where  n  is  an  integer  denoting  the  highest  order  of  the 

stability  characteristic  equation  and  A,  B,  C,  .  E 

are  coefficients  of  the  characteristic  equation  in  terms 
of  total  stability  derivatives. 
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8 . 2  UNCOUPLED  LONGITUDINAL  MODE  (Three  Degrees  of  Freedom 

Considering  decoupled  longitudinal  motion  as  affected 
by  changes  in  the  stability  variables  u ,  vr ,  and  0, 
the  corresponding  stabilicy  determinant  F (A)  is 
obtained  by  deleting  the  remaining  stability  variables 
v ,  <f>  y  \)/  ,  etc.,  in  the  equations  for  X,  Z,  and  M,  thus: 

0 II  0  13  °I4 

F  (A)  2  Q 3|  O33  Q34  2  0 

C5I  °53  °54 

Expanding  the  stability  determinant  F(A)  yields 
F  (A)  =  o„  (O33  Q54  “  Q53  Q34)  -  0|3(o3,  054“  Q  51  Q34) 

-f  Q|4(o3i  O53  -Q5|  Q33) 

Substituting  the  values  for  the  coefficients  from 
Table  I  of  Section  8.1  yields 

F(A)  =  (XU+X0A)  {7.vr+Z*.A)(MgA+Mg  A2) 

-(Nv+M^Auze+zeA+ze  a2)] 

-(xvr+xirA)[zu(MeA+MgiAz)-Mu(ze+zeA+zeAz)] 

+  (Xe+Xg  A+X0'AZ)[zu(Mw.+  M^A)-Mu(Zw.+  Zvif  A)] 
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Thus: 


F  (A)  =  aa4  +  ba3  +CAi+DA  +E  =0 


where 


A  =G, 


B  =G,Xu+G2Xil  +  G3X<r+G4X0 


C  =G2Xu  +  G3Xvr+G4X0  +  G5Xu  +  G6X^+G7X6i 
D  =  G4X0+G5Xu  +  G6Xw-+G7Xe+(i8Z0 


E  --  G7Xg+G9Zg 


and 


G, 

G2 =  zwM0  +  zwM9  ~  Mw  z  9  “  z Q 

G3=z0Mu  “zum0 

G4  =zu  Mw-“  Mu  zvir 

Gj  =  zwM @  -  Mw-Z  Q  ZqM^- 
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G$  "  My Z  Q  Zy  M$ 


G7-ZufvV  MyZ^ 


Gq  =  My  Xyf“  Myy-Xy 


G  9  “  Xyy'My  “  Xy  M  yjf 


In  order  to  determine  the  aircraft  response,  say,  in 
pitch  [0  =  f 4 ( A ) /  F  { A)  ]  _due  to  a  step  input  of  the 
longitudinal  control  (  Blc),  it  is  necessary  to  evaluate 
the  numerator  determinant  f4(A)  .  The  determinant 
f4 (A)  is  formed  by  replacing  the  coefficients  of  ( Q ) 
(namely,  a)4  ,  u34,  and  a54  )  of  the  stability  deter¬ 

minant  F  (A)  given  above  by  the  control,  input  functions 
K  | ,  K  3  ,  and  K  5 . 

The  function  f4(A)  can  be  obtained  as  follows: 


f„(A)  =  o31  a33  K3 


°5I  °53  K5 


=  oM(K5a33  K3a53)  o,3(K5  o3l -K3  o5l)  +  K,  (a3,  o53 -a5]  o33  ) 
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Since, in  this  case, the  uncoupled  longitudinal  motion 
of  3  degrees  of  freedom  with  no  stability  augmentation 
system  is  considered,  the  stability  authority  ratios 

J,  >  ^2  >  ^3  . .  etc.,  are  taken  as  unity,  and  all 

control  inputs  other  than  (B7C)  are  taken  as  zero. 

Thus,  when  the  values  for  the  coefficients  a i3 , 
a 15  . .  etc.,  and  the  appropriate  control  inputs 

K,  ,  K3  and  K5  from  Table  I  of  Section  5.1  are 
substituted,  the  function  f4(A)  becomes 


f4(A)  =  (Xu+Xy  A)  I -MB|  B,c(Zvr+Z^-A)  +  ZB|  B,c  (Myr+Mfl-A)] 

l  c  c  j 

-(X^+X^A)  [-MBlc  b7c(zu)+zBic  b7c  (Mu)] 

-Xa,  BT  |zu(Mw-+  M*-A)  -Mu(Zw-+  Z*-A)l 

■c  ^  *-  J 


Thus : 


f4(A)  =  B,  (AAZ  +  BA  +  C) 

n  'C 


where 


A  =  Xy(ZB  Z^) 

c  c 

B  =  Xu  (ZB|cM^-MB|c  Z^-)  +  Xy  (ZG|c  Zyy) 

+  Xyy-(MB.  Zy“ZB|  My)+Xg  (  My  Zyy  —  Zy  Myy) 

c  c  *  c 

C  =  Xy(ZB|c  MVr-MBlc  Zy^  +  Xy^Ma^Zy  “ZB|c  My  ) 

+  XB  (MyZy^-My^Zy) 

'c 
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8.3  UNCOUPLED  LATERAL  MODE  (Three  Degrees  of  Freedom) 

When  the  longitudinal  stability  variables  u,  v,  and  8 
and  longitudinal  equations  of  motion  X,  Z,  M  are  deleted, 
the  stability  determinant  for  the  3  lateral  degrees  of 
freedom  becomes 


F(A)  = 


°22 

°25 

0  26 

°42 

°45 

°46 

°62 

065 

066 

Expanding  the  above  determinant  yields 


F  (A)  =  Q22(Q45a66  ~a65a46^“  a25^°42a66  “a62a46^ 


4  026^42  °65  _0€2  a45^ 


Substituting  the  values  for  the  coefficients  omn  from 
Table  I  of  Section  8.1  yields 

F (A)  *  (Yu+Y0A)[(L^A  +  L^AZ)(N^A  +  N^'AZ) 
-(N^A+N^A2)  (L^A  +  L^A2 )  j 
-(Y^+  Y^,  A) [lv(N y  A+  Ity  A2 )  - Nv(L,j,A  +  L ^  A2  )  ] 
-(Yl//+Y^,A)[Lv(N<i1A+  N^A2)  -NV(L^A  +  L^A2  )  ] 
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Thus: 


F (A)  =  A^AA4+8AS+CAZ+DA  +  e]  -  0 

where 

A  =H,Yv 
B=HiYv  +  H2Yv 

C  =H2Yv+H3Y;  +  H4Y^  +  H9Y^ 

D  =H3Yv+H4Y^  +  H9Y^  +  HeY^+HTY^ 

E  =H6Y^  +  H7Y^ 
and 

Hg-L*N$  +  L$N$-N^L$-N$L^ 
h3  = 

h4=nvl^-lvn^- 

<* 

H  5  s  LVN£-NVL£ 

i 

Hg^NyL^^LyN^,  ; 

H7  ■  LVN^- NyL^ 
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8.4  CRITERIA  FOR  STABILITY 


The  requirement  for  positive  stability  is  that  there  be 
no  positive  real  root  or  positive  real  part  of  the 
complex  roots  of  the  characteristic  equation. 

If  there  are  to  be  no  unstable  modes,  certain  conditions 
pertaining  to  the  coefficients  of  the  characteristic 
equation  must  be  met.  These  conditions  can  be  expressed 
in  terms  of  Routh  stability  criteria  which  involve  sign 
tests  of  the  coefficients  of  the  characteristic  equation 
and  the  magnitude  and  sign  of  the  Routh  discriminant  R*  . 
A  more  detailed  information  on  the  subject  can  be 
obtained  from  Reference  X. 

The  sections  below  present  a  summary  of  the  Routh 
stability  criteria  for  various  types  of  the  character¬ 
istic  equations  commonly  encountered  in  stability  work. 

8.4.1  Routh  Criteria  for  a  Cubic 


Let  the  cubic  equation  be 


AA3  Jr8A24CA  +  D  =0 


(A  >  0) 


The  necessary  and  sufficient  conditions  for  stability  are 

(a)  The  coefficients  A,  B,  C,  D>0 

(b)  R*  =  BC-AD  >  0 

8,4,2  Routh  Criteria  for  a  Quartic 
Let  the  quartic  equation  be 

aa%ba3  +ca2+dA+e  =  0 


The  necessary  and  sufficient  conditions  for  stability 
are 

(a)  The  coefficients  A,  E,  C,  D,  E  >  0 

(b)  R*  =  D(BC-AD)-B2E  >  0 

8.4.3  Routh  Criteria  for  a  Quint ic 
Let  the  quintic  equation  be 


AA5  +BA4  +  CA3  +0A2  +EA  +  F  -  0 


The  necessary  and  sufficient  conditions  for , stability 
are 

(a)  The  coefficients  A,  B,  C,  D,  E,  F  >  0 

(b)  BC-AD  >0  2  2 

(c)  R*=  D (BC-AD) (BE-AF)-B(BF-AF) -F( BC-AD;  >  0 


4 

* 
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REFERENCE 


8.5  SOLUTION  OF  THE  CHARACTERISTIC  EQUATION 


There  are  many  methods  in  the  literature  for  obtaining 
the  roots  of  the  characteristic  equation.  The  method 
used  will  depend  on  the  order  of  the  characteristic 
equation  and  particularly  on  whether  the  roots  are  to 
be  extracted  by  hand  or  by  machine. 

Reference  1,  pages  2.1.1-167  to  2.1.1-190,  gives  a  fairly 
detailed  review  of  the  most  commonly  used  methods  for 
extracting  roots  of  the  characterisitc  equation  ranging 
from  3rd  to  6th  order  equations. 

Since  quartic  equations  occur  most  frequently  in  air¬ 
craft  stability  work,  a  method  is  herein  given  f<  r 
solution  of  stability  quartics.  The  method  is  known 
as  an  ’’Analytical  Solution  of  Quartics”  and  is  based 
on  the  Ferrari  reducing  cubic  method.  Some  of  the 
advantages  of  this  analytical  method  are  that  it  is 
independent  of  the  relative  magnitude  of  the  coefficients, 
does  not  require  initial  knowledge  of  the  order  of 
magnitudes  of  the  roots,  and  is  particularly  useful  if 
no  real  roots  exist.  This  method  is  equally  as  well 
applicable  for  hand  calculation  as  it  is  for  machine 
computation. 

The  calculation  procedure  of  this  method  is  as  follows: 

(a)  Determine  the  coefficients  B,  C,  D  and  E  of  a 
given  quatric  as  follows: 

A4+BA3  +CA2  +DA  rE  =0 


(b)  Calculate 


S*=  0D  +C2-4E 
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r*=bcd-eb2-d2 

(Note  that  R*  is  the  usual  Routh  discriminant 
discussed  in  Section  8.4) 

(c)  Compute 

h,  (3S*-4C2) 

h2  =  27  (I8CS>*-I6C3--27R*) 

(d)  Evaluate  discriminant  (A) 


(e)  Determine  (  FI n )  as  follows: 

(i)  If  A  >  0,  then 

nn=  a 


(ii)  If  A  =0,  then 


( 
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(iii)  If  A  <  0,  then  calculate 


(f)  Select  the  algebraically  smallest  value  of  (Hr) 
using  step  (i),  (ii),  or  (iii),  whichever  applies, 
and  compute 


^nn  +  f<i 


(g)  Calculate 


i  -  b-7? 
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(h)  Finally,  determine  the  four  roots  of  the  quartic 
thus : 
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8,6  ROOTS  OF  THE  CHARACTERISTIC  EQUATION 


The  roots  of  the  characteristic  equation  can  be 

(a)  Real 

(b)  Complex 

(c)  Combination  of  real  and  complex 

The  real  roots  correspond  to  a  periodic  motion, 
converging  ir.  amplitude  as  time  passes  if  negative, 
and  diverging  in  amplitude  if  positive. 

The  complex  roots  (Am5  am±bmO  always  occur  in  pairs, 
and  each  pair  corresponds  to  an  oscillatory  mode 


Ae  sin(bmt+ <$>) 


where  A  is  the  amplitude  of  the  oscillation  and  is  the 
phase  angle. 

The  real  part  am  of  the  complex  pair  of  roots 
determines  the  converging  or  diverging  behavior  of  the 
mode. 

If  am>0  ,  the  amplitude  of  the  inode  will  increase  with 
time  (t)  ,  resulting  in  unstable,  divergent 
oscillation. 

If  am  =  0  >  t^'*e  amplitude  remains  unchanged  (neutral 
stability) . 

If  am<0  ,  the  amplitude  will  decrease  with  time,  (t) 

resulting  in  a  stable  or  damped  oscillation. 

The  complex  part  bm  describes  the  frequency  of  the 
mode,  in  radians/second. 

If  the  real  root  or  real  part  of  the  complex  root  is 
negative,  the  time  constant  r  of  the  mode  is  defined 
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— t  for  real  A 
-A 


—  for  complex  A 
-am 


The  time  constant  t  corresponds  to  the  time  required 
for  the  motion  to  reach  36.87o  of  its  original  value. 

If  the  real  root,  or  real  part  of  the  complex  root,  is 
positive,  it  is  more  convenient  to  express  the 
characteristics  of  the  mode  in  terms  of  the  time 


required  to  double  its  initial  amplitude  r 


2/1 


where 


rs>/r  1 


0.693 

+A 


0.693 


for  real  A 


for  ccmDlex  A 


The  converging  characteristics  of  stable  modes  is  some 
times  also  expressed  in  terms  of  the  time  required  to 
reduce  to  half  its  initial  amplitude  rl/2  where 


1/2 


0.693 

-A 


0.693 


-a 


m 


for  real  A 


for  complex  A 


The  period  P  of  an  oscillatory  mode  is  given  by 


P  =  seconds 

bm 
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SECTION  9.  RAPID  METHODS  FOR  ESTIMATING  THE  LONGITUDINAL 
STABILITY  CHARACTERISTICS  OF  SINGLE  AND  TANDEM 
ROTOR  HELICOPTERS 


Sections  4  through  8  present  complete  methods  for 
evaluating  the  dynamic  stability  and  control  response  of 
generalized  helicopter  configurations  including  as  many  as 
8  degrees  of  freedom  of  coupled  motion. 

The  methods  presented  therein  can  be  used  for  ’’formal 
solutions”.  In  preliminary  design  work,  there  is  often  a 
need  for  quick  and  approximate  estimates  of  the  longitudinal 
stability  characteristics  of  single  and  tandem  rotor  heli¬ 
copters.  Therefore,  some  simplified  stability  methods  may 
often  be  required  where  time  rather  than  accuracy  is  of  prime 
consideration. 

This  section  presents  such  methods,  which  can  be  used 
for  rapid  estimation  of  the  longitudinal  stability  character¬ 
istics  of  conventional  single  and  tandem  rotor  helicopters 
with  only  a  slight  loss  in  accuracy.  The  accuracy  of  the 
final  results  using  the  simplified  methods  is  within  57*  of 
the  ’’formal"  solutions  contained  in  the  preceding  sections. 

The  applicability  of  the  simplified  stability 
methods  presented  in  this  section  is  limited  to  low  and 
medium  forward  speed  regimes,  i.e.,  those  covering  the  tip 
speed  ratio  range  of  0.1  <  u  <  0.3. 

The  simplified  stability  equations  presented  below 
have  been  verified  by  numerical  calculations  for  typical 
single  and  tandem  rotor  helicopters.  The  numerical  results 
are  presented  in  the  tables  of  Sections  9.1  and  9.2, 
respectively. 
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9 . 1  SIMPLIFIED  STABILITY  METHOD  FOR  A  SINGLE  ROTOR 
HELICOPTER 

The  following  procedure  can  be  used  for  rapid 
estimation  of  the  longitudinal  stability  character¬ 
istics  of  a  single  rotor  helicopter: 

9.1.1  Trim  Calculation 

The  required  design  parameters  and  the  longitudinal  trim 
conditions  for  a  single  rotor  helicopter  can  be  obtained 
by  using  the  procedure  given  in  Section  5.1. 

The  trim  procedure  as  cl?scribed  in  Section  5.1  cannot  be 
appreciably  simplified  to  save  time  and  effort  in  this 
approach.  However,  it  is  apparent  that  the  computation 
pertaining  to  lateral  trim  can  be  omitted,  with  the 
exception  of  tail  rotor  thrust  T TR  .  This  parameter 
is  required  in  the  evaluation  of  the  pitching  moment 
derivatives. 

The  downwash  interference  effects  of  the  front  rotor  on 
the  fuselage  «  Fus  and  the  front  rotor  on  the 
horizontal  tailplane  e  T  are  retained;  however,  the 
interference  angle  at  the  tail  rotor  eJR  due  to 
front  rotor  downwash  can  be  neglected. 

9.1.2  The  Total  Stability  Derivatives 

Using  the  equations  of  Section  7.1,  the  total  stability 
derivatives  for  a  single  rotor  helicopter  can  be 
simplified  as  shown  below.  These  derivatives  are 
expressed  in  terms  of  local  stability  derivatives  which 
can  be  obtained  from  Section  7.3. 

9. 1.2.1  The  X-Force  Derivatives 


(a)  Xu=  v  Xyjpf  (Xy  )pug+ (Xy  )T 


9.1-1 


where 


dL,  do. 

0CU )  =  — £  a  -  — * - 
u  f  aUfr  3uf 

/V  \  r  .^tfys  /„-*  \  _  ^PFUS 

'^v  pile  .J  €Ft'S  A 

us  t/upus  aupijs 


,  ^aFUS  r^pus  *  _ 

du  UaFUS  1  Fus>  da 


FUS 


FUS 


] 


(x 


dLr. 
uVduT 


.  .  dDj  dar  rdLT  ,  .  (3Dt  1 


«■>  »i'  -  T 


(c)  (Xyy-Jp  +  (Xw)pus+  (Xy ^.)T 


where 


daT 


(x^« = v0  (^fS)[(diFF“+ dfus)(<i"sfus)" 

^V0{^k(a-^-t  +  Li 


do 


FUS 


da 


+  L 


FUS 


FUS 


(d)  Xg  =  -  W 


dci|F  W 

(e)  X6=-LF(^)-fvoa 


9.1,2. 2  The  Z-Force  Derivatives 


(a)  Zu  =  iZu)F  +  (Zu)Fus+(Zu)T 


where 


+ 


a) 


(Z„)  = 

U  FUS 


dL  fus  dD fus 

du  Fus 


(a-c 


FUS 


) 


^qFUS  r  ^LFUS  +  ^PFUS  |a 
du  L  ^aFUS  ^qFUS 


crus)tD 


FUS 


<Zu>T 


'  C*Lt  ,  dLj 
■  duT  daT 


) 


(b)  Zvr=(Zwr)F  +  (Zw-)Fus+  (Zw-)? 
where 


^wVus' 


(iUliS.); 

^aFUS 


(?qJ.U5L ) 
da 


(Z 


W'T 


1  Ay  daT 
V0  daT  da 


(c) 


*-vrs  ~ 


W 

g 


(d)  Z0---W0 
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.  w 

(e)  ze-f  y0 


9. 1.2*3  The  Pitching,  Moment  (M)  Derivatives 
(a)  MyS  ■  (ZU  (Zu  ^xT 

+  (x  -(z  )  {  t  S- 

tlXuWzTR  lZUJTRV  <}u  + 


where 


(Xy) 


-[ 


^Ptr  ^  dPTR  ^  da  tr  | 
dllfft  ^qTR  du 

()Dtr  dDTR  ^  da  TR  ^ 


TR 


da  TR  du 


(a-€TR) 


(  Xvyjpi2  p  lZw.)FiXF-(Zw-)TiXT 

I  ^CUS  ^Mhub 

_(Z^T(/XTR+  \L  ( +  ~d^T~  ’ 


where 


(ZArs  “  Vb  D™ 


d°  i  F  ^mhubf 


<c>  M^Zw-TixT-4F(-^L)LF  + 


dq 
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where 


J  /<3i_t 
Vo  da 


(d)  M0=-Iyy 


9.1.3  Coefficient  of  the  Characteristic  Equation 

Using  the  values  for  the  total  derivatives  presented 
above,  the  coefficients  of  the  characteristic  equations 
can  be  calculated  from  Section  8.2. 

9.1.4  Roots  of  the  Characteristic  Equation 

The  stability  roots  of  the  characteristic  equation  can 
be  extracted  by  using  the  numerical  procedures  given  in 
Section  8.5. 

9.1.5  Numerical  Comparison  of  the  "Rapid  Stability 
Method"  With  the  "Formal  Solution” 

Tables  I  through  III  show  a  comparison  of  the  results 
calculated  using  the  "rapid  stability  method",  as 
described  above,  versus  the  results  obtained  by  the 
"formal  method"  presented  in  Sections  7  and  8, 

The  sample  helicopter  under  consideration  is  a  single 
rotor  helicopter  having  the  same  design  parameters  as 
used  in  the  sample  trim  calculation  presented  in 
Section  10.1. 

In  order  to  examine  most  critical  variations  of  the 
pertinent  stability  parameters,  a  range  of  tip  speed 
ratios  of  0.1  <  fi  <  0.3  was  selected  for  this 

comparison. 

The  tables  presented  in  this  section  show  that  the 
results  obtained  using  the  "rapid  stability  method"  are 
well  within  the  tolerable  limits  of  those  obtained  by 
the  "formal  method". 


TABLE  I 


NUMERICAL  COMPARISON  OF  THE  SIMPLIFIED  VERSUS  FORMAL 
STABILITY  METHOD  FOR  SINGLE  ROTOR  HELICOPTERS 


=  0.1 


Stability 

Variables 

Formal 

Method 

Simplified 

Method 

Xu 

-5.99 

-5.56 

Xu 

-236.00 

-236.00 

7.86 

7.98 

Xw- 

0 

0 

xe 

-7600.00 

-7600.00 

x0 

-904.28 

-899.38 

xe 

0 

0 

Zu 

-21.76 

-21.82 

Zw* 

-149.47 

-149.30 

zvi r 

-236.00 

-236.00 

ze 

-660.00 

-660.00 

Zfi 

17640.00 

17465.84 

ze 

0 

0 

Mu 

44.07 

44.27 

My^ 

43.22 

43.17 

0 

0 

Mg 

-4992.00 

-4749.29 

Mg 

-9100.00 

-9100.00 

A 

1 

1 

B 

1 -  20561 

1.17809 

C 

0.04321 

0.02794 

D 

0.16875 

0.16895 

E 

0.08538 

0.08576 

A, 

-0.33740 

-0.33639 

Az 

-1.23600 

-1.22171 

0.18390 

0.19001 

A  3,4 

+0.413421 

+0.4154H 
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TABLE  II 


NUMERICAL  COMPARISON  OF  THE  SIMPLIFIED  VERSUS  FORMAL 
STABILITY  METHOD  FOR  SINGLE  ROTOR  HELICOPTERS 

fi.  -  0.2 


Stability 

Formal 

Simplified 

Variables 

Method 

Method 

xu 

-10.68 

-10.59 

Xj 

-236.00 

-236.00 

Xw 

14.67 

14.90 

Xyr 

0 

0 

-7600.00 

-7600.00 

-2210.17  . 

-2233.02 

xe 

0 

0 

Zu 

-0.15 

-0.14 

Zw 

-188.50 

-188.92 

Z-vv* 

-236.00 

-236.00 

ze 

-623.00 

-623.00 

ze 

34896.00 

34931.68 

ze 

0 

0 

Mu 

50.61 

50.66 

M  w 

6.39 

7.64 

0 

0 

Mg 

-6929.90 

-6718.64 

Mg 

-9100.00 

-9100.00 

A 

1 

1 

B 

1.60551 

1.58369 

C 

0.62716 

0.58852 

D 

0.19429 

0.19261 

E 

0.14404 

0.14452 

A, 

-0.71582 

-0.68464 

a2 

-1.07335 

-1.09856 

A  3,4 

0.09183 

0.09975 

+0.423121 

+0.426861 

TABLE  III 


NUMERICAL  COMPARISON  OF  THE  SIMPLIFIED  VERSUS  FORMAL 
STABILITY  METHOD  FOR  SINGLE  ROTOR  HELICOPTERS 


fi  =  0.3 


Stability 

Variables 

Formal 

Method 

Simplified 

Method 

Xu 

-6.51 

-6.30 

Xu 

-164.60 

-164.60 

Xvr 

-2.59 

-2.67 

Xvr 

0 

0 

x0 

-5300. 0C 

-5300.00 

x9 

1906.86 

1911.11 

x9 

0 

0 

Zu 

18.53 

18.49 

Zw 

-179.47 

-179.50 

-164.60 

-164.60 

Z9 

231.24 

231.24 

Z  fl 

33709.35 

34071.43 

7-e 

0 

0 

13.67 

13.57 

-150.88 

-150.54 

0 

0 

Mg 

-7098.36 

-6944.56 

Mg 

.  -8400.00 

-8400.00 

A 

1 

1 

B 

1.97472 

1.95553 

C 

4.65925 

4.66766 

D 

0.26817 

0.26354 

E 

-0.00761 

-0.00710 

A, 

0.02080 

0.01987 

Az 

-0.08049 

-0.07833 

A 

-0.95751 

-0.94853 

A  3,  4 

+1.90515i 

+1.912751 
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9.2  SIMPLIFIED  STABILITY  METHOD  FOR  A  TANDEM  ROTOR 
HELICOPTER  ' 

The  following  procedure  can  be  used  for  rapid 
estimation  of  the  longitudinal  stability  character¬ 
istics  of  a  tandem  rotor  configuration. 

9.2.1  Trim  Calculation 

The  required  design  parameters  and  the  longitudinal 
trim  conditions  for  a  tandem  rotor  helicopter  can  be 
obtained  from  Section  5.2. 

The  trim  procedure  as  described  in  that  section  can  be 
simplified  by  omitting  all  the  computation  pertaining 
to  the  lateral  trim  parameters. 

9.2.2  Total  Stability  Derivatives 

Using  the  equations  of  Section  7.1,  the  total  stability 
derivatives  for  a  tandem  rotor  helicopter  can  be 
simplified  as  shown  below.  These  derivatives  are 
expressed  in  terms  of  the  local  stability  derivatives 
which  can  be  obtained  from  Section  7.3. 

9 . 2 . 2 . 1  The  X-Force  Derivatives 


where 


(Xu) 

(Xu) 

(Xu) 


dPF 

F  duF 

a~duF 

_  di-R 

■  (a  -  * r) 

aLp 

R  dUfi 

< 

du 

aaR 

dDpus  j 

dOFUS  | 

^FUS  x  1 

FUS  L 

dufus 

FUS 

au 

'j 

(a-«R) 


+ 


l-R 
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9. 2. 2. 2  The  Z-Force  Derivatives 


(a)  ZuMZu)f  +  (Zu)r  +  (Zu)fus 
where 


(b)  Zw-=  (Zw-)).  +  (ZW-)R  +'Zvir)FUS 


where 


,zA'- 


*Zvr>Fus 


_L  i^FUSw^FUSv 

V0  *****  da 


(c) 


W 

g 


(d)  Zq---w6 
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9.2-4 


9.2.3  Coefficient  of  the  Characteristic  Equation 


In  the  case  of  tandem  rotor  helicopters,  the  coefficients 
of  the  characteristic  equation  can  be  further  simplified 
as  compared  to  these  presented  in  Section  8.2,  thus: 


A=  XUZ 

B  »  XyZ^M^Xytf^M^Z^M#) 

c=  X^Z^Mq  +  Z^MqI+X^Z^-M^Zq  ) 

D  -  X u( Z^-M^- Myy-Z^ )  +•  X^(ZUM^“-  MyZvy) 

+  X^MyZ#-  XyM^Z^- X^Ml,Zw- 
E  X$(Zy  My  Z^-)  +  2.Q  (Xy^My  “  Xy  Myy) 

9.2.4  Roots  of  the  Characteristic  Equation 

The  stability  roots  of  the  above  characteristic  equation 
can  be  extracted  by  using  the  numerical  procedures  given 
in  Section  8.5. 

9.2.5  Numerical  Comparison  of  the  "Rapid  Stability 
Method"  With  the  "Formal  Solution” 


Tables  I  through  III  show  a  comparison  of  the  results 
calculated  using  the  "rapid  stability  method",  as 
described  above,  versus  the  results  obtained  by  the 
"formal  method"  presented  in  Sections  7  and  8. 
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TABLE  I 


NUMERICAL  COMPARISON  OF  THE  SIMPLIFIED  VERSUS 
FORMAL  STABILITY  METHOD  FOR  TANDEM  ROTOR  HELICOPTERS, 
FORWARD  C.G.  POSITION  (13.3%  OF  ROTOR  RADIUS) 


Stability 

Variables 

Formal 

Method 

Simplified 

Method 

Xu 

-40.44 

-39.98 

Xu 

-885.92 

-885.92 

XW " 

62.27 

62.46 

Xvr 

0 

0 

*0 

-28500.00 

-28500.00 

-2911.71 

-2908.07 

x0 

0 

0 

Zu 

36.90 

37.75 

Zvr 

-931.05 

-936.61 

Zyy- 

-885.92 

-885.92 

ze 

-876.09 

-876.09 

*0 

183591.15 

182603.60 

ze 

0 

0 

Mu 

-844.97 

-865.26 

1201.53 

1093.75 

Mw- 

0 

0 

Mg 

-355707.54 

-366075.77 

Mg 

-158041.00 

-158041.00 

A 

1 

1 

B 

3.34666 

3.37389 

C 

0.91761 

1.17531 

D 

-0.07531 

-0.06211 

E 

-0.17053 

-0.17671 

A, 

0.30793 

0.29411 

Az 

-3.04303 

-2.97905 

A  3, 4 

-0.30578 

-0.34447 

iO. 297471 

■+0.288141 
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TABLE  II 


NUMERICAL  COMPARISON  OF  THE  SIMPLIFIED  VERSUS 
FORMAL  STABILITY  METHOD  FOR  TANDEM  ROTOR  HELICOPTERS, 
MID  C.C,  POSITION  (1.4%  OF  ROTOR  RADIUS) 


Stability 

Variables 

Formal 

Method 

Simplified 

Method 

*u 

-43.06 

-42.47 

Xu 

-883.92 

-885.92 

Xvv 

73.00 

73.16 

X^r 

0 

0 

X0 

-28500.00 

-28500.00 

x0 

-2621.65 

-2615.32 

X0 

0 

0 

Zu 

50.87 

51.64 

Zyr 

-931.34 

-937.38 

Zvr 

-885.92 

-885.92 

z9 

-756.08 

-756.08 

ze 

187093.24 

182603.60 

ze 

0 

0 

Mu 

-1002.71 

-1020.18 

Mvr 

4360.70 

4481.17 

Mv^ 

0 

0 

M  9 

-371145.70 

-384178.22 

M  Q 

-158041.00 

-158041.00 

A 

1 

1 

B 

3.44800 

3.48843 

C 

-3.21600 

-3.10744 

D 

-0.25950 

-0.24420 

E 

-0.16290 

-0.16533 

A, 

0.88759 

0.83944 

A  2 

-4.22781 

-4.21420 

A 

-0.05389 

-0.05691 

A  3,4 

tO. 205001 

+0. 20859i 

9. 
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TABLE  III 


NUMERICAL  COMPARISON  OF  THE  SIMPLIFIED  VERSUS 
FORMAL  STABILITY  METHOD  FOR  TANDEM  ROTOR  HELICOPTERS, 
AFT  C.G.  POSITION  (6.9%  OF  ROTOR  RADIUS) 


Stability 

Variables 

Formal 

Method 

Simplified 

Method 

Xu 

-88.27 

-88.14 

Xu 

-885.92 

-885.92 

Xyr 

83.91 

84.11 

Xw - 

0 

0 

*0 

-28500.00 

-28500.00 

-2198.48 

-2197.29 

0 

0 

Zu 

53.70 

53.67 

Zw 

-933.18 

-940.29 

ZVT 

-885.92 

-885.92 

z8 

-706.28 

-706.28 

z8 

189190.60 

182603.60 

z8 

0 

0 

Mu 

-895.19 

-923.53 

Mr 

6596.49 

6696.55 

0 

0 

Mg 

-398042.50 

-414506.48 

Mg 

-158041.00 

-158041.00 

A 

1 

1 

8 

3.67096 

3.68372 

C 

-5.92492 

-5.58366 

n 

-0.67904 

-0.63996 

E 

-0.10712 

-0.11355 

A, 

1.30714 

1.25017 

A2 

-4.86168 

-4. 81644 

-0.05814 

-0.05873 

+0.116081 

+0.124131 
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The  sample  helicopter  under  consideration  is  a  tandem 
rotor  configuration  operating  at  a  tip  speed  ratio  of 
ft  85  0.3  and  MT  =0.8.  The  design  parameters  selected 
for  the  sample  helicopter  are  the  same  as  those  used  in 
the  sample  trim  calculation  presented  in  Section  10.2. 

In  order  to  examine  the  most  critical  variations  of  the 
pertinent  stability  parameters  for  tandem  rotor  heli¬ 
copters,  this  comparison  is  based  upon  a  wide  range  of 
C.G.  travel. 

The  tables  presented  in  this  section  show  that  the 
results  obtained  using  the  "rapid  stability  method"  are 
well  within  the  tolerable  limits  of  those  obtained  by 
the  "formal  method". 
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SECTION  10.  SAMPLE  CALCULATIONS 


In  order  to  better  illustrate  the  stability  methods 
m  presented  in  the  previous  sections,  sample  calculations  are 

*•  herein  performed  for  both  single  and  tandem  rotor  helicopters. 

For  each  helicopter  configuration.,  the  computations 
are  performed  according  to  the  sequence  of  operations  outlined 
♦  in  the  previous  sections.  Specifically,  the  sample  calcula¬ 

tions  are  initiated  with  the  aircraft  trim  computations 
followed  by  local  and  total  stability  derivatives  and  are 
ended  with  the  solution  of  the  stability  characteristic 
equation  and  analog  computations  of  aircraft  response. 

10.1  SINGLE  ROiOE  HELICOPTER 


The  sample  single  rotor  helicopter  considered  is  a 
medium  utility  type  aircraft  as  illustrated  in  Figure  i 
of  Section  3.3.  It  consists  of  a  preconed,  two-bladed 
teetering  main  rotor  and  a  rigid  tail  rotor.  The 
horizontal  tailplane  has  no  end  plates  and  is  of  NACA 
0013  symmetric  series.  The  fuselage  shape,  shown  here 
in  Figure  1,  resembles  that  of  the  configuration  D  of 
Reference  1.  Hence,  the  model  test  data  corresponding 
to  this  configuration  is  utilized  to  obtain  the  required 
fuselage  characteristics  for  the  sample  helicopter. 

These  data  have  been  appropriately  nondimensionalized 
and  are  presented  in  Figure  2. 

The  aircraft  operating  conditions  assumed  in  this 
sample  calculation  correspond  to  a  forward  speed  of 
V0  207  ft/sec,a  rotor  tip  speed  of  fl-R  690  ft/sec, 
and  a  pressure  altitude  cot  responding  ;.*•  sea  level 
standard  day. 

10.1.1  Trim  Calculation  for  a  Single  Rotor  Helicopter 

The  sample  trim  calculation  for  a  single  rotor  heli¬ 
copter  is  performed  utilizing  the  analytical  procedure 
outlined  in  Subsection  5.1.2  as  follows: 

(a)  Determine  the  required  helicopter  design  parameter 
as  shown  in  Table  I. 


10.1-1 


pa m 

IBmm 


.6  -12  -8 


®FUS  “  ^EG 


MX'i 


gure  2. 


Fuselage  Characteristics  for 
Sample  Single  Rotor  Helicopte 
(/3S=  o). 
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0 

VFUS 

-0.02 

0.020 


Cnfus°-012 


0.004 

0 

Cr  '0.004 
^FUS 

-0.008 
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(b)  Determine  the  following  operating  condition  for 
the  sample  aircraft: 


V0  =  207  ft/sec 
(flR)F  =  690  ft/sec 
(JlR)TR==  713.8  ft/sec 

Altitude  =  Sea  level  standard  day  (  p  -  0.002378 
slug/ft3) 


Then  compute 


Mf 

(mt)f  - 


Mtr  " 
(Mt)  = 

T  TR 


,  Vq'  =  207 
1^r'f  690 

Vo+(^R)f 

Vi 


=  0.3 

=  207  +  690 
1118 


0.8 


V  0 

(&R)tr 

V0+(flR)TR 

Vs 


207 
1 1 3 . 8 


0.29 


=  207  +  718.80  = 
1118 


0.82 


q0  =  T/OV o2  =  *  0.00237 8x  (207)2 

=  50.9  lb/ft2 


(T.F.)r  =  \  p  ttR2  (P„R)21f  =  0.002378  x  3.14  x  222 

x  6902  =  1.72  x  106  lb 

(T.F.)tr=  [  /o  it R2  (fl R)2 ]tr  =  0.002378  x  3.14  x  4.32 

x  713. 82  =  7.03  x  106lb 


(c)  Obtain  fuselage  lift  and  drag  coefficients  for 
aFUS  =  0. 

icing  Figure  2,  and  assuming  oFUS  0,  obtain 
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clfus  =  -0.0060 

CoFUS  =  0.158 

Using  the  values  for 
step  (a)  and  q0  from 

l-FUS  =  Clfus9o  *zFUS 
°FUS  =  C0FUsqO  AXFUS 


AZFUS/Vtn<1  A*FUS  fr°m 
step  (b),  compute 

=  -0.006  x  50.9  x  144.5 
=  -44.1  lb 

=  0.158  x  50.9  x  48 
=  386  lb 


(d)  Calculate  the  first  approximation  for  the  main 
rotor  lift  and  drag  forces,  thus: 

Lf  =  W-Lfus  =  5300  +  44.1  =  5344.1  lb 

DF  =  D F u s  ~  “386  lb 

Alsc  compute  the  corresponding  rotor  lift  and 
drag  coefficients 


(Ck)  r [  L  1  5344.1 

O-  F  >•  (T.F.)o- JF  J.,72xl06x0.051 

(Cfi)  =  [  D  1  s  -  386 
<r  F  l  (T. F.)  a  J  F  1.72x10^x0.051 


0.0609 

-0.0044C 


(e)  Using  Reference  2,  calculate  the  chart  values  of 
rotor  lift  ana  drag  coefficients  corresponding 
to  rotor  solidity  <j  =0.1,  thus: 


(A<r)F  i o>  -0.1  =  0.051-0.1  =  -0.049 


=<£> 
c r  f 


0.0609 
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Act 

2? 


F 


=  -0.0044  +  °-049  (0. 0609) 2  =  -0.0034 

2(0. 3)2 


(f)  Using  the  values  of  [(Cl7<t)9>|]  ,  [(CD'/cr)Q|] 

from  step  (e)  and  0!f,  ,  M’Tf  from  steps  F(a) 

and  (b) ,  enter  Figure  44  of  Reference  2  and 
Figure  3  of  Section  5.3  and  obtain  the  first 
approximations  for  the  following  main  rotor  trim 
parameters : 

[(ac)J  -  -8.2°  -  -0.143  rad 
oQf  =  3.7°  -  0.0646  rad 
o.  =  4.75°  =  0.0829  rad 

'F 

b,F  -  1.60°  =  0.027  rad 

(0^  -  7.1°  =  0.124  rad 

XF  =  -0.052 

(^)  =  0.00356 

a  F 

(g)  Calculate  main  rotor  angle  of  attack  (aCF)  anc^ 
rotor  torque  (Qp)  as  follows: 


A  a 

W 


F 


=  -0.143--&J.-Q-49  ...xO .069  =  -0.160  rad  -9.16° 
2x(0. 3) 2 


=  0.00356  x  1.72  xl06x  0.051  x  22  6870  ft/lb 
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(h)  Using  Section  7.6  or  the  pertinent  test  data, 
obtain  the  following  downwash  interference 
factors : 


^ffus  =  K  ft  =  K  FTR 


=  1.0 


Then  compute  the  downwash  interference  factors 
€fus  »  €j>and  €tr  using  the  values  of  XF  from 
step  (f)  and  ac  from  step  (g),  respectively. 
Thus 


€fus"  €t  =  €tr'  ^an  ac“  fl  ^F 

=  1.0 [tan(-9. 16 °)+P— ]  =  0.012  rad  =0.688 

V/  •  J 


(i)  Using  the  design  parameters  and  the  initial  trim 
values  obtained  in  the  steps  above,  determine  the 
relationship  between  aFUS  and  CMfus  from  the 
following  equation: 


2 

[  lxl  -  iz  D+  eb-^--—  (a |  +ae-i)]F  +qa[ixSa(i-«)]T 
-(JXD  +J1zL)f  -q0(ixSa)T 

cMFusqo  aXfus  XFUS 

■4-  —  -  •  ^FUS 

-(ixr  <-i2L)F  -q0(ixSa)T 


-5. 35x386+50. 9x16 .62x21 . 4x3. 81x0 .012 
apus  5.35x5  344 .1+50.9x16.62x21.4x3. 81 

+50.9x48x39x  ^mfus _  _ 

5 . 35x5344 . 1+50 . 9x16 .62x21 . 4x3 . 81 
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qfus  "  0*0247  +  0.976  CMf.us 

<W  -  -1-415  +  55-92  CMpus 

Superimpose  the  linear  relationship  between  aFUS' 
and  Cmpus  from  the  above  equation  on  the  experi¬ 
mental  fuselage  pitching  moment  curve  Cmfus 
vs  aFUS 0  and  obtain  the  point  of  intersection 
as  shown  in  Figure  3.  This  point  yields  the 
fuselage  trim  angle  of  attack 

aFUS  =  “3*2C  =  -0.0558  rad 

(j)  Using  arus  from  step  (i) ,  enter  the  fuselage 
charts  of  Figure  2  and  obtain  the  following 
fuselage  characteristics. 


Clfus 

=  -0.0073 

^mfus 

=  -0.032 

^dfus 

-  0.158 

CNFuS 

=  0.0077 

Cyfus 

=  -0.0057 

C*FUS 

=  -0.002 

Then  compute  the  corresponding  fuselage 
moments,  thus: 


forces  and 


WussCLFgsqo  azfus 


-0.0073  x  50, 9  x  144.5 
-53.7  lb 


dfus  =cdfus^o  axfus 
yfus  =cyfus^o  ayfus 

mfus=CmfusQoayfus^  fus 


0.158  x  50.9  x  48  =  386  lb 

-0.0057  x  50.9  x  160.7 
-46.6  lb 

-0.032  x  50.9  x  48  x  39 
-3050  ft-lb 


» 
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«^FUS  CXFUSq°  AxFUS^FUS 

=  -0.002  x  50.9  x  48  x  39  =  -191  ft-lb 

NFUS  "  CNFU$qOAXFUS  ^  FUS 

=  0.0077  x  50.0  x  48  x  39  =  734  ft-lb 

(k)  Using  the  values  of  NFU3  from  step  (j)  and  QF 
from  step  (g) , determine  tail  rotor  thrust  and 
tail  rotor  lift  coefficient,  thus 


_  N fu$+Qf  „  734  +  6870  _  279  lh 

TR  _ff  28 

a*tr 

,9l.)  [ _ I _ 1  =  _ 272  _ 

or  TR  1  (T.F.)  o’  -»TR  7.03  x  10^  x  0.105 


0.0368 


(1)  With  the  values  of  0|TR  ,  ^.TR>  and  MTjr  from 

steps  (a)  and  (b) ,  (Cl'Aj)  tr  from  step  (h) ,  and 

(ac)1R  “  0»  enter  the  appropriate  performance 
charts  of  Reference  2  (interpolate  between  the 
charts  if  necessary),  and  obtain  the  following 
tail  rotor  parameters: 


)  1  =  0.0020,  XTR=  0.007 

1  trj  0  |  TR 

-  0.0011,  {07S)  =  2.2° 

<y  TR  -75  tr 
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0. 00204x7. 03x104x0. 105-15.1 


lb 


OfR=[-^(T.F.)<rR]TR 


0.001 1x7 . 03xl04x0 .105x4.  3 
34.9  ft-lb 


(m)  From  the  trim  values  obtained  in  the  steps  above, 
determine  the  horizontal  tail  plane  character¬ 
istics  as  follows: 


a  =  qfus  +  cfus 


-0.0558  +0.012  =  '0.0438  rad 


=  -2.51° 


aT  =  a  +  iT  - 


CLt  =  aT  aT 

cDt-<cDo  + 


ct  =  -0.0438  +  0  -0.012 

=  -0.0058  rad  -  -3.2° 

=  3.81  (-0.0558)  =  -0.213 


_Cl_}  =  0i01+(i0^213)2=  0.0134 
ir>R  T  3.14x4.23 


!-TrCLTqDST  =  -0.213  x  50.9  x  21.4  =  -232  lb 

DT=CDTq0ST  =  0.0134  x  50.9  x  21.4  =  14.6  lb 

(n)  Assuming  Alf  -  <p  =  YTr  =  /c  =  0»  solve 

simultaneously  the  X  and  Z  equations  from  Section 
4.0  to  obtain  a  better  approximation  for  the  main 
rotor  lift  and  drag,  thus 

K|  =  Wa  -  LpUS(a - €pus^  ~ Lj(a  -  *j)  +  Dpus"^  +  Djr 

5300(-0.0438)  +  53. 7(-0. 0558)  +  232(-0.0558) 
+386  4  14.6  +  15.1  =-•  168  lb 


Kg  =  DpUS^a ”€fus^  +  -«t)  +  Lpus  "H-T  W 

-  386(-0.0558)  +  14. 6(-0 .0558)  +  15.1(-0.0558) 
-53.7  -232  -  5300  -  -5610  lb 
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K|a-K2  =  168(-0.0438)+5610  5590  lb 

14  a2  l+(-0.0438)2 


Df  =  Lf  a  -K,  =  5590(-0.0438)  -  168  =  -413  lb 


Then  obtain 

(£k)  =  f{2k)  ]  -590  =  0.0637 

cr  F  L  cr  o  ,  Land,  1.72x106x0.051 

(C°')  ,\ _ 2 _ 1  -  -  _ ^13 _  =  -0.00471 

cr  F  L CT.F.)  cr  JF  1 . 72xl06x0 .051 


L  «•  _  J  l  &  2fiz  a 


o.i 


] 


=-0.00471+  °-049  (0.0637)2=-0. 00361 

2x(0. 3) 2 


(o)  Repeat  steps  (f)  through  (n)  with  the  new  values 
of  [(CL / c ) 0-|  ]  F  and  [(C  D '/o-)0J  ]  F  from  step  (n) 
until  convergence  is  achieved,  yielding  the  final 
trim  values  as  shown  in  Table  II  below: 
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TABLE  II 


(p)  Using  the  final  trim  values  from  Table  II, 
calculate  main  rotor  side  force,  thus: 

Yf  ■  [(T.F.)o-  f  (--i/i  e75o0+  ±  a75b,  +  -§-ft2075b, 

+  “4*  +  Qo°i  — |*mXqo -/x  OoO|  +  ~^o,b|  +  “-/iXb,)]F 


=  1.72xl06x0. 051x5. 73 (.3x0. 3x0. 126x0. 0675 
2  4 

+^x0 , 126x0 . 0288+|x0 . 09x0 . 126x0 . 0288 

-1x0.056x0.0288+1x0.0675x0.0846 
4  6 

+1x0.3x0.056x0.0675-0.09x0.0675x0.0846 

2 

+1x0.3x0.0846x0.0288-1x0.09x0.056x0.0288) 

4  8 

-  129  lb 

(q)  Also  compute  the  main  rotor  lateral  cyclic  A|F 
(from  the  rolling  moment  equation)  and  aircraft 
roll  altitude  <£  (from  the  side  force  equation) 
using  the  final  trim  values  as  follows: 

b|)p+iZTRTTR  +^ytr  DTR^a"€TR^"^FUS 

V 

=  -5.35  x  129-5  x  274  +  1  x  15.8  x  0.0625  +  191 

5.35  x  5620 

=  -0.0621  rad  -  -3.56° 
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(LA}+Y)F  +yfus*ttr 

<?>=  w 


=  ..-5620  X  0.0621  +  129  -49,1  +  274, 
1  5300  ' 

-0.000924  rad  =  -0.0529° 


(r)  Finally,  compute  the  main  rotor  longitudinal  cyclic 
pitch 

B|.=  a-aCp+  iF  =  -0.0414  +  0.164  =  0.123  rad 
=  7.05° 

10.1.2  Stability  Derivatives  for  a  Single  Rotor 
Helicopter 


The  numerical  procedure  for  computing  the  stability 
derivatives  £or  a  single  rotor  helicopter  is  very 
similar  to  that  presented  in  Section  10.2.2  for  the 
sample  tandem  rotor  configuration.  The  main  rotor 
and  the  tail  rotor  derivatives  for  the  sample  single 
rotor  helicopter  are  obtained  by  following  the  numer¬ 
ical  procedures  for  the  front  rotor  of  the  tandem 
rotor  configuration  of  Section  10.2.2  and  by  utilizing 
the  appropriate  trim  conditions  presented  in  Table  II. 
The  required  fuselage  derivatives  are  computed  by 
graphically  obtaining  slopes  to  the  fuselage  data  of 
Figure  2,  and  utilizing  equations  presented  in  Sub¬ 
section  10.2.2.3-  The  horizontal  tail  plane  deriva¬ 
tives  are  obtained  from  Reference  3. 

The  total  stability  derivatives  for  the  sample  single 
rotor  helicopter  for  the  six  degrees  of  freedom  of 
aircraft  coupled  motion  are  presented  in  Table  III. 
This  table  also  includes  .he  control  derivatives 
required  for  aircraft  response  calculations. 


TABLE  III 


P 
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10.1.3  Stability  Characteristic  Equation 


The  stability  characteristic  equation  for  the  sample 
single  rotor  helicopter  can  be  obtained  by  utilizing 
the  total  aircraft  stability  derivatives  presented  in 
Table  III  and  by  following  the  analytical  procedure 
outlined  in  Section  8.  The  numerical  procedures  for 
obtaining  the  coefficients  of  the  characteristic 
equation  extracting  the  stability  roots  and  the 
analysis  of  the  roots  are  exactly  the  same  as  those 
for  the  tandem  rotor  configuration  presented  in  Section 
10.2.3.  Therefore,  these  numerical  procedures  will  not 
be  duplicated  here. 

The  computations  of  aircraft  stability  characteristics 
involving  more  than  three  degrees  of  freedom  of  air¬ 
craft  motion  are  most  conveniently  performed  utilizing  a 
digital  or  analog  computer  program.  A  typical  analog 
computer  program  for  predicting  the  response  character¬ 
istics  due  to  control  inputs  of  a  single  rotor  heli¬ 
copter  is  described  below. 

10.1.4  Aircraft  Response 

Presented  in  this  section  are  typical  computations  for 
the  sample  single  rotor  helicopter  response  due  to 
control  inputs.  These  computations  were  performed  with 
the  aid  of  the  Pace  231R  analog  computer  and  include 
six  degrees  of  freedom  of  coupled  aircraft  motion  and 
two  degrees  of  freedom  of  a  stabilization  device.  The 
input  forcing  functions  (step  or  pulse  inputs)  are  the 
pilot's  longitudinal  and  lateral  cyclic  controls  which 
are  programmed  to  be  activated  independently  or 
simultaneously.  The  analog  computer  schematic  diagram 
representing  the  equations  of  motion  of  the  aircraft 
and  the  stabilization  device  is  shown  in  Figure  4. 

The  sample  calculation  was  performed  utilizing  the 
total  helicopter  stability  derivatives  presented  in 
Table  III,  These  derivatives  were  normalized  by  the 
coefficient  of  the  highest  order  variable,  e.g.,  the 
X  equation  was  divided  by  X{j,  the  M  equation  was 
divided  by  M q,  etc.  In  addition,  appropriate  scaling 
factors  were  utilized.  The  resulting  settings  of  the 
potentiometers  P  and  Q  shown  in  Figure  4  are  presented 
in  Table  IV. 
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TABLE 


ANALOG  COMPUTER  POT 


Pot. 

No. 

in 

Pot. 

No. 

■1 

POO 

0.7114 

P10 

0.0805 

Q00 

0.7114 

Q10 

0.0274 

POI 

0.0154 

Pll 

0.0271 

QOI 

0.0053 

Qll 

0.6805 

P02 

0.1667 

PI  2 

0.1000 

Q02 

0.0362 

Q12 

0.0169 

P03 

0.0070 

PI  3 

0.2629 

Q03 

0.3475 

Q13 

0.1997 

P04 

0.0966 

P14 

0.5123 

QC4 

0.1667 

Q14 

0.8333 

P05 

0.0330 

P15 

0.1000 

Q05 

0.8352 

Q15 

0.1534 

P06 

0.3591 

1 

0.0834 

Q06 

0.1270 

Q16 

P07 

0.0657 

PI  7 

0.1836 

Q07 

0.1000 

Q17 

0.0568 

P08 

0.2503 

PI  8 

0.0834 

Q08 

0.2503 

Q18 

0.8737 

P09 

0.1860 

P19 

0.1266 

q09 

0.0174 

019 

1.0000 

SETTINGS 


Pot . 
No. 

PH 

Pot. 

No. 

m 

P20 

0.0158 

P30 

Q20 

0.5455 

Q30 

0.2000 

P21 

0.0012 

P31 

0.5000 

Q21 

0.3374 

Q31 

0.1400 

P22 

0.3074 

P32 

1.0000 

Q22 

0.3333 

Q32 

P23 

0.2393 

P33 

0.0174 

Q23 

0.0158 

Q33 

0.6740 

P24 

0.0043 

P34 

1.0000 

Q24 

0.0211 

Q34 

0.1875 

P25 

0.4560 

P35 

0.3750 

Q25 

0.456C 

Q35 

P26 

0.1061 

P36 

1.0000 

Q26 

0. J024 

Q36 

1 . 0000 

P27 

0.1000 

P37 

0.5000 

Q27 

0.4025 

Q37 

0.1000 

P28 

0.4382 

P38 

0.1406 

Q28 

0.0668 

Q38 

0.1000 

P29 

0.9665 

P39 

0.0502 

Q29 

0.6579 

039 

0.2433 

Typical  time  history  traces  of  the  aircraft  response 
due  to  pulse  inputs  of  the  longitudinal  and  lateral 
cyclic  controls  B)c  and  Ajc  are  shown  in  Figures  5 
and  6,  respectively.  The  results  presented  in  these 
figures  include  the  effect  of  the  stability  augmenta¬ 
tion  system  on  the  coupled  modes  of  aircraft  motion. 

Figure  5  shows  the  coupled  longitudinal  and  lateral 
aircraft  response  due  to  a  longitudinal  cyclic  control 
pulse  input  of  B|c  -  lc  applied  over  a  one- second  time 
period.  Examining  the  results  of  Figure  5a,  it  can 
be  noted  that  the  aircraft  response  in  pitch  and  ver¬ 
tical  perturbation  velocity  is  represented  by  a  stable 
oscillation.  Specifically,  after  following  a  four- 
second  oscillation  in  pitch,  the  aircraft  attains  a 
steady  state  pitch  altitude  of  about  3  degrees  nose 
down.  Furthermore,  the  perturbations  in  vertical 
velocity  do  not  exceed  a  maximum  value  of  about  2.5 
ft/sec.  The  effect  of  the  longitudinal  cyclic  input 
on  aircraft  lateral  response  in  roll,  yaw,  and  lateral 
velocity  can  be  seen  from  the  results  of  Figure  5b. 

It  can  be  noted  that  each  of  these  lateral  variables 
is  affected  by  the  application  of  the  longitudinal 
cyclic  control,  indicating  appreciable  cross-coupling 
between  aircraft  longitudinal  and  lateral  response 
modes.  For  example,  it  can  be  seen  that  the  aircraft 
roll  altitude  <p  is  of  the  same  order  of  magnitude  as 
the  pitch  altitude  6  .  Also,  the  aircraft  response 
in  roll  and  in  lateral  perturbation  velocity  is 
represented  by  a  slow  convergence  and  a  damped 
oscillation,  respectively.  The  divergence  in  yaw 
altitude  is  present  since  no  heading  stabilization 
was  applied. 

The  effect  of  lateral  cyclic  control  pulse  input  of 
A|C  =1°,  applied  over  a  one-second  period,  on  the 
aircraft  coupled  response  is  shown  in  Figure  6. 

Figure  6a  indicates  that  the  helicopter  attains  a 
maximum  roll  altitude  of  12°  in  about  2.5  seconds 
after  the  control  dis turbance,  and  then  it  gradually 
converges  toward  a  steady  state  roll.  The  lateral 
perturbation  velocity  is  represented  by  a  damped 
oscillation  having  a  maximum  amplitude  of  about 
10  ft/sec.  The  aircraft  pitch  altitude  and  vertical 


Q 

(DEGREES) 


12 
6 
0 

-6 

NOSE 

DOWN-12 

10 

5 

w 

(FT/SEC)  0 

-5 

-10 

NOSE  2 
DOWN 

B'c  1 

(DEGREES)  0 

i 

-2 


NOSE  -3 
UP 


ONE  SEC.  PULSE 


ONE  SEC 


l 


re  5a.  Single  Rotor  Response  Due  to  Long! 

tudinal  Control  Input-Coupled  Six 
Degrees  or  Freedom. 


RIGHT 
v 

(FT/SEC) 

LEFT 

RIGHT 


* 

(DEGREES) 


B|, 


NOSE  2 
DOWN 

1 
c 

(DEGREES)  0 
-1 

-2 

NOSE  -3 
UP 


■ 

m 

S 

a 

B 

B 

■ 

■ 

■ 

U 

a 

B 

B 

■ 

■ 

■ 

U 

B 

B 

■ 

1 1 

■ 

■ 

B 

B 

B 

B 

■ 

pp 

■HMD 

mm 

B 

E 

■ 

a 

B 

B 

B 

Figure  5b.  Single  Rotor  Response  Due  to  Longi 
tudinal  Control  Input-Coupled  Six 
Degrees  of  Freedom. 


10.1-24 


10.1-25 


RIGHT 

A'c 

(DEGREES) 


LEFT 


Figure  6b.  Single  Rotor  Response  Due  to 

Lateral  Control  Input-Coupled  Six 
Degrees  of  Freedom. 
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perturbation  velocity,  as  shown  in  Figure  6b,  are  only 
slightly  affected  by  the  lateral  control  input.  Thus, 
comparing  Figures  5  and  6,  it  can  be  inferred  that  the 
longitudinal  control  input  introduces  appreciably 
larger  cross-coupling  between  the  longitudinal  and 
lateral  response  modes  of  the  sample  helicopter  than 
the  lateral  control  input. 
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10.2  TANDEM  ROTOR  HELICOPTER 


The  tandem  rotor  helicopter  considered  in  this  sample 
calculation  is  a  heavy  utility  type  aircraft  as  illus¬ 
trated  in  Figure  2  of  Section  3.3.  It  consists 
of  three-bladed,  freely  flapping,  front  and  rear  rotcrs 
of  identical  geometry.  The  front  and  rear  rotor  shafts 
are  inclined  forward  relative  to  the  fuselage  datum 
line  through  angles  of  iF  =  -9°  and  ip  =  -4°, 
respectively.  The  rotor  shaft  dihedral  (D  is 
therefore 


r  =  iF-iR=-9°-(-4°)  =  -5° 


The  aircraft  has  no  horizontal  or  vertical  tail  planes. 
The  fuselage  shape  resembles  that  shown  in  Figure  1. 

The  fuselage  characteristics  of  the  sampJe  tandem  rotor 
helicopter  are  presented  in  coefficient  form  in  Figure 
2.  These  data  have  been  nondimensionalized  in  exactly 
the  same  manner  as  the  fuselage  data  for  the  sample 
single  rotor  helicopter  presented  in  Subsection  10.1.1. 
It  should  be  noted  that  the  data  presented  in  Figure  2 
do  not  pertain  to  any  existing  tandem  rotor  helicopter 
but  are  presented  herein  only  for  the  qualitative 
indication  of  trends  and  illustrative  purposes. 

The  longitudinal  control  is  applied  through  a  ffer- 
ential  collective  pitch,  i.e.,  reduction  of  collective 
pitch  on  front  rotor  head,  and  increase  of  collective 
pitch  on  rear  rotor  head  for  nose-down  control.  The 
longitudinal  cyclic  controls  Bjf  and  Bu  on  front  and 
rear  rotors,  respectively,  remain  fixed  for  a  particular 
flight  condition.  These  controls  are  automatically 
preset  as  functions  of  forward  speed. 

The  aircraft  operating  conditions  assumed  in  this 
sample  calculation  correspond  to  a  forward  speed  of 
V  =  207  ft/sec,  rotor  tip  speed  of  (flR)F  =(ftR)R 
=  690  ft/sec, and  a  pressure  altitude  corresponding  to 
sea  level  standard  day  conditions. 


Figure  1.  Fuselage  Shape  of  the  Sample  Tandem  Rotor  Helicopter. 
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Figure  2.  Fuselage  Characteristics  for  the 
Sample  Tandem  Rotor  Helicopter. 
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Figure  2.  (Concluded). 
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The  longitudinal  cyclic  controls  on  front  and  rear 
rotors  are  fixed  at  Bjf  =  5°  and  B|R  =  3C  respectively. 

10.2.1  Trim  Calculation  for  a  Tandem  Rotor  Helicopter 

The  sample  trim  calculation  for  a  tandem  rotor  heli¬ 
copter  is  performed  utilizing  the  analytical  procedure 
outlined  in  Subsection  5.2.2  as  follows: 

(a)  Determine  the  required  design  parameters  for  a 
tandem  rotor  configuration  as  shown  in  Table  I. 

TABLE  I 


Xz  -6.1  ft  -10.7  ft 

Ms  114.96  slug-ft  114.96  slug-ft 


10.2-5 


(b)  Establish  the  following  helicopter  operating 
conditions : 

V0  =  207  ft/sec 

flR  =  690  ft/sec 

Altitude  =  sea  level  standard  day 
Ip  =  0.002378  slug/ft3) 


men  cumpuie 


V°  =  £07  __  Q  3 
ftR  690 

Vp+flR  =  207  +  690  =  Cl8 
Vs  1118 


T.F.  =/3T7-R2(ilR)Z  -  0.002378  x  3.14  x  29. 52  x  69C 


=  3.09  x  10( 


q0 *  ^-/jV02  =  i  x  0.002378  x  2072  =  50.9  lb/t't2 


(c)  Obtain  ClFus  anc*  ^dfus  ^rorn  the  appropriate 

fuselage  characteristic  charts  for  a  = aFUS  =  0. 

For  the  sample  helicopter  configuration, assume  a 
slightly  positive  fuselage  angle  of  attack  to 
achieve  the  required  propulsive  force.  Thus, 
assuming  a  =  aFUS  =  1.6°, enter  Figure  2  and 
obtain 

ClFus  -  "0*01,  CoFgs  —  0.35 
Then  calculate 

LFUS=CLFUsq0  AZfrus  =  -0.01  x  50.9  x  566.8  -289  lb 

DFus=CoFUSqo  AXfu$  =  0.35  x  50.9  x  121.6  -  2170  lb 
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(d)  From  the  Z- force  equation,  compute  (Cl'/oOf 

assuming  arbitrary  values  for  (CL7o*)R»  thus  : 

(£l  _  w~lfus~*'Dfus€fus  >Cl> 

a  V  (T.F.)a  VR 

=  28500  +  289  _  ^ 

3.09  x  106  x  0.1  v  R 

c.1 

=  0.0932 

*  R 


The  calculated  results  are  shown  in  Table  II  below, 

TABLL  II 

LIFT  DISTRIBUTIONS  ON  FRONT  AND  REAR  ROTORS 


Calculations 

0.03 

0.0932-0.03 

0.0632 

0.05 

0.0932-0.05 

0.0432 

0.06 

0.0932-0.06 

0.0332 

Using  the  value  of  a  from  step  (c)  and  assuming 
initially  that  €F  2  €R  =  eFUS  =  0,  compute  the 
first  approximations  for  front  and  rear  rotor 
angles  of  attack,  thus  : 

ac F  =a  +(i-B,  -€)f  =  1.60°-9°-3°  =  -10.4° 

aCR=a  +  (i-B,-€)R«  i.60°-4°-5°  =  -7.4° 
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(e)  From  the  X- force  equation,  calculate  (Co'/cr)* total 
using  the  results  obtained  in  steps  (c)  and  (d) , 
thus: 

(^)*  -&)  +(^e!)  =4DFU,Sr+cLrS!FUSl-gR(-) 

a  TOTAL  a  F  a  R  (T.F.)flr  J  a  R 


2170 _ 

3.09  x  106  x  0.1 


-0.00702 


Then  compute 

L  a  =  a  -0.1  ■=  0. 1-0.1  =  0 


(f)  Using  valves  of  (ClV<t)f,  [(oc)0.i]  f  >  (Cl /o*lR  *  and 
[  (ac)QJ ] F  from  steps  (d)  and  (e),  enter  Figure  44 
of  Reference  1  and  obtain  the  corresponding  values 
of  [(C0'/o-)0  l]Fand  [(C07cr)OJ  ]R  . 

Then,  for  La  =  0  (step  (e)),  obtain 


&  -[(^?)  ' 
a  F  1  a  0.1  JF 

(£fi)  _r^2o)  ] 

1  <r  R  l  <r  o.i  Jo 


* 


and 


TOTAL 


The  drag  distribution  between  the  two  rotors  and 
the  total  drag  corresponding  to  the  assumed  lift 
distributions  of  step  (d)  are  presented  in  Table 
III  below. 


TABLE  III 


DRAG  DISTRIBUTIONS  ON  FRONT  AND  REAR  ROTORS 


10.4° 

=  -7.4° 

$ 

a  TOTAL 

m 

(£fi) 

1  <r  V 

(£l) 

(Saj 

V  O’  R 

0.0632 

-0.0055 

0.03 

-0.0018 

-0.0073 

0.0432 

-0.0043 

0.05 

-0.0025 

-0.0068 

0.0332 

-0.0035 

0.06 

-0.0025 

-0.0060 

(g)  Using  the  values  from  steps  (e)  and  (f),  obtain  plots 
of  (CL  / a~)f  3  ,  ICp/o'lp,  and  (Cd /<t)tt)tal 

versus  (C d/o')  total  as  shown  in  Figure  3.  Also  draw  a 
straight  line  of  (Cq/oOtdtal  =  (Cq/o)  total*  ^  the 
point  of  intersection  of  this  straight  line  with  the 
horizontal  line  corresponding  to  (C0V<7)* otal  =  (Co 'M total 
read  off 


» 

< 


0.048, 


F 


-0.0047 
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-0.0074  -0.0070  -0.0066  -0.0062  -0.0058 
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a  TOTAL 

Figure  3.  Auxiliary  Charts  for  Obtaining  First  Approximation 
for  Lift  and  Drag  Distribution  on  Front  and  Rear 
Rotors . 
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and 


(^)r  =  0.045,  (%)R=  -0.0023 

Then  for  Ac*  =  0,  obtain  the  chart  values  for  the 
front  and  rear  rotor  drag  coefficients,  thus: 

♦ 

[$o,]F’»$F  =  -°-0°« 

[$>o.i  ]„■$„  =  -°-0023 

(h)  Using  the  values  of  (Cl’/oOf  >  J(CdV)o.i]f>  [Cl'/ct)r  , 
[(Cd‘/c-)0.i]r  from  step  (g)  and  pac)0.iJF  ,  [(ac)o.i]R 
from  step  (e),  enter  Figure  44a  of  Reference  1  and 
Figure  3  of  Section  5.3  and  obtain 

\F  =  -0.061  a,F  =  4.2° 

\R  -  -0.045  o ,  =  3.5° 

(i)  Using  Section  7.6  or  the  pertinent  test  data, 

obtain  the  following  downward  interference  factors 

Krf  =  0  Kfr  =  1.5 

Kffus=  KrFus  -  1 

Then  compute  the  following  interference  angles, 
using  acF  and  aCp  from  step  (d)  and  \F  and  XR 
from  step  (h) : 

«F  =  0 
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€r  "  ^ f r  (tanac 


\ 

M  F 


=  1.5  [tan(-10.4°)+2i2|i]  -  0.0297  rad  -  1. 


70 


„  X  .  X 

€fus*  KFFUS(tan  ac  -  n  c  +  Krfus  ^Qn  ac  “  TT  ^ 

n  F  r*  R 

=  [  tan( -10 .  4°)+— 1  +  rtan(-7 . 4°)+Q‘ 045 1 
1-  0.3  J  L  0.3  J 


=  0.0399  rad  =  2.29° 


(j)  Compute  CmFu$  from  the  pitching  moment  equation, 
using  the  parameters  determined  above: 


'mfus' 


%  A: 


Fas 


FUS 


[(Asm  a 


bcos  a> 


(T.F)(T 


where 


F  R 

-  [A  eR 

F  R 

=  -  f  20  ( -0.0047  )-6.1(0.048)| 

-  [-18. 92( -0.0023) -10. 7(0.045)] 

- [-18. 92(0. 045)+10.7(-0. 0023)]  xC.029/ 

=  0.851 
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[20(0.048)  t-  6.1  (-0.0047)] 

4-18. ^(0. 045)  10. 7(-0.0023)j 

-[- 18. 92( -0.0023) -10. 7 (0.045)]  x  0.0297 
=  0.0683 

2 

Mhubf*M„ubr’  la,F*olR-BlF-BlR) 

0.667xjx23.4~x114.96^4.2°+3.5q-3q-5Oj 
2  57.3 

-3  5  0  ftrltx 


3.09xl06x0.ir0 
50,9x121. 6x51L 


.  851sin(l , 6°) -0. 0683cos(l . 6 °) 


330 

3.09x10^x0. 1 


-0.0425 
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Also  calculate 


aFus  =  «  -  «  FUS=  I  6°-  2 . 29  =  -0. 69° 


(k)  Repeat  steps  (c)  through  (j)  for  two  different 
values  of  a  .  The  results  thus  obtained  for 
a  =1°,  1.4°  and  1.6°  are  summarized  in  Table  IV 
below. 

TABLE  IV 


PRELIMINARY  TRIM  RESULTS  FOR  THE  SAMPLE 
TANDEM  ROTOR  HELICOPTER 


a 

aFUS 

H 

Els 

(S 

£r 

€FUS 

Cmfus 

-0.69° 

0.048 

-0.0047 

0.045 

-0.0023 

1.70° 

2.29° 

-0.0425 

-1.05° 

0.037 

-0.0042 

0.0562 

-0.0028 

1.39° 

2.45° 

0.377 

1 

-1.77° 

0.0322 

-0.00387 

0.0613 

-0.0032 

1.06° 

2.77° 

0.564 

Plot  the  values  of  (CLVcr)F  ,  ( CD V  cr  )p  ,  (CL'/o*)R  ,  (CdV<t)r 
€r,€fus  and  CMpus  versus  a  Fus  as  shown  in 
Figure  4,- 


(1)  Superimpose  the  available  fuselage  data  cf  CMrjs 
vs. a  pus  £rom  Figure  2  on  the  corresponding  plot 
from  step  (k),  as  shown  in  Figure  5.  The  point 
of  intersection  (P)  of  the  fuselage  moment,  data 
with  the  corresponding  results  computed  in  step 
(k)  yields  the  first  approximation  for  the  trim 


values  of  a 


FUS 


and 


'FUS 


thus : 


fus 


=  -0.72 


Cmfus  0.008 
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□fus  ~  decrees 


Figure  4 


Auxiliary  Charts  for  Obtaining  Better  Approximation 
of  the  Trim  Values  for  Front  and  Rear  Rotors. 
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Enter  c?FUe  from  step  (X)  in  Figure  4  and  read 
off  the  first  approximations  for  the  following 
trim  values : 


=  -0.0047,  ef 
=  -0.0023,  e 

R 

Then  calculate 

Q  =  aFU$+€FUS-  -0.72°  +  2.30°  =  1.58° 

oCp  =  a  +(i-B,-c)  =  1 . 58°-9°-3  °  =  -10.42° 

aCR  =a+(i-B.-€)^  -  1 . 58°-4°-5°-l. 67 °  ^  -9.09° 


-  0 

-  1.67° 


0.0462,  (^-)F 
(-F")r=  0.0468,  (-^)r 
e fus  "  2.30" 


Repeat  steps  (c)  through  (m)  using  values  of 
Q  pus  «  e  fu$  ,  *f  and  €r  from  steps  (1)  and  (m). 

The  results  thus  obtained  are  presented  in  Table  V. 


TABLE  V 


INTERMEDIATE  TRIM  RESULTS 


a 

C  FUS 

ESI 

El 

(-c^) 
cr  R 

B 

6  FUS 

CmFUS 

1.8° 

-0.73° 

0.0583 

-0.0051 

0.0359 

-0.00289 

2.30 

2.53 

-0.263 

1.58° 

-1.07° 

0.041 

-0.0044 

0.0533 

*0.0041 

1.67 

2.65 

0.263 

1.30° 

-1.53° 

0.0365 

-0.0042 

0.0579 

-0.00443 

1.52 

2.83; 

0.434 

1° 

-1.88° 

0.0345 

-0.0041 

0.0601 

-0.0046 

1.34 

2.8* 

0.510 

Plot  the  results  from  Table  V  as  shown  in  Figure  6. 
Also,  superimpose  the  computed  values  of  Cmfus 
vs.  aFus  from  Table  V  on  the  plot  of  Figure  5  and 
obtain  the  point  of  intersection  (P).  This  point 
of  intersection  yields  the  final  fuselage  trim 
values  of 

“fus  =  ■•0-85° 

Cmfus=  0.005 

Entering  oFUS  =  -0.85°  into  Figures  2  and  6  and 
utilizing  the  appropriate  rotor  performance  charts 
of  Reference  1  and  Section  5.3,  obtain  the  final 
trim  values  for  the  sample  tandem  rotor  helicopter 
as  shown  in  Table  VI. 
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Figure  6.  Auxiliary  Charts  for  Obtaining  Final 

Trim  Values  for  Front  and  Rear  Rotors. 
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TABLE  VI 


FINAL  TRIM  VALUES  FOR  THE  SAMPLE 


TANDEM  ROTOR  HELICOPTER 


Rotor 

Front 

Rear 

Fuselage 

-10.29° 

-9.19° 

“fus 

-0.85°(-0.0148  rad) 

0.0474 

0.0469 

€fus 

2.56°(0.0447  rad) 

-0.00473 

-0.00380 

lfus 

-577  lb 

0.0035 

0.0031 

dfus 

2170  lb 

7 "(0. 122  rad) 

6.5° 

(0.113  rad) 

Yfus 

0 

mfus 

1580  ft-lb 

2.95° 

2.87° 

(0.0515  rad) 

(0,0501  rad) 

nfus 

1580  ft-lb 

4.2° 

4° 

^FUS 

-1010  ft-lb 

(0.0733  rad) 

(0.0698  rad) 

1.2° 

1.18° 

(0.0209  rad) 

(0.0206  rad) 

-0.061 

-0.056 

0 

1.90° 

(0.0332  rad) 

=  qfus+€fus 

-0.85°  +  2.56 

°  1.71°  (0.0298  rad) 

J' 
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(o)  Calculate  rotor  side  force  (CY‘/cr)£or  front  and 
rear  rotor,  thus: 


.ci,  «r.i 


F  =  2.  4  M^.75a0  +  3  ®75  bi  +  gM^75bl+  4^b 

i  3  2  1  I  2  1 

+  ^-°aCi-  YMXaa-/M-J0ai+^-Ma|b|+-^'XbljF 


Jdl  2x0 . 3xt  .122x0.0515+1x0 .122x0 .0209 
2  L  4  3 


-t  2x0.  09x0. 122x0.0209-2x0.061x0.0209 
t  4 


-1x0.0515x0. 0733+1x0.3x0.061x0.0515 
6  2 


09x0. 0515x0. 0733+1x0. 3x0. 0733x0. 0209 

4 


-1x0.09x0.061x0.0209] 
8  J 

0.00106 


CV) 

a  r 


[-2x0  .3x0.11 3x0 . 0501+1x0 .113x0.0206 


2  L  4 


+2x0.09x0. 113x0. 0206-2x0.056x0. 0206 
8  4 


+1x0.0501x0.0698+2x0.3x0.056x0.0501 
6  2 

-0,09x0.0501x0.0696+1x0.3x0.0698x0.0206 

4 


-1x0.09x0.056x0.0206] 
8  J 


0.000977 
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w 


(p)  Solve  rolling  and  yawing  moment  equations  of 
motion  and  obtain  A)p  and  A!r,  thus: 


x  ,  ebft  Ms  ,u  ,  L  x 
’/  '2<r(T.R)(b'F+b'R) 


+ 


X 


<r(T.F.) 


(9i}  +  _Neus_1\  /{(5k)  (Sk')  f »  o  _  o  |  I 
WR  <t(T.R!JJ/ \VF <r  R  LW  WJ 

J  £  ( V\  I  -i 

2  u  (T.F.)  I W ’F  W'JJ 
=  {l8. 92x0. 0469]/ 1x0. OO1O6-IO.  7x0. 000977 

+0. 667x3x23. 42xli4. 96(0 . 0209+0 . 0206 ) 
2x0.1x3.09x10^ 


1010 


0.1x3.09x10^ 


K 


10. 7x0.0469 


4.0,667x3x23. 42xlI4.96l  [29.5x0. 
2x0.1x3.09xl06  ^ 


0035 


-29. 5x0. 0031+20+0.00106+18. 92x0.000977 


1580 


— }}/{  0. 0474x0. 0469(-20xl0. 7 
0.1x3.09x106J J/  1 

-6  .  lxl 8. 92) -P-^Z^3x23. 4Axll^ 96  [20x0.0474 

Ovi'.  ivi  nQvin^  L 


2x0.1x3/09x10 

+18.92x0.0469]| 

=  -0.0371  rad  =  -2.13 
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+ f^r  < '■"- «-  * 

+fe]}/{+F+,k*<,-'<,<«.] 

_  ebfl2_f^r,  a;  _.  Si  n 

2<t  (T.F.)  L^f'o-V  *xrVrJJ 


={-[6.1x0. 


0474+ 


0.667x3x23. 42x114.96 
2x0. 1x3.09x106 


]  [29.5x0. 


0035 


-29.5x0.0031+20x0.00106+18.92x0.000977 


+ — 3180_l+20x0. 0474  [6.1x0.o0106-10. 7x0. 000977 


3.09x10 


■4-0. 667x3x23, 4  x!14. 96(n .  n?ng  +  0.0206) 
2x0.1x3.09xl06 


1010 


3.09x10 


:]}/{«• 


0474x0.0469-20x10.7 


-6 . 1x18. 9?  j-0" 66.7x3x23.,  4^x114.96  |?0xQ.047A 


2x0.1x3.09x10 


+18.92x0.0469 


=  0.0242  rad  =  1.39 
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f 

; 

(q)  Using  the  Y-Force  equation,  solve  for  the 
aircraft  roll  altitude,  thus: 

i  -  A|R 

T  W 

a  (T.F.) 

=  0. 000977-0. 00106-0. 0474(-0 .0371) -0.0469(0.0242) 

28500 

0.1x3.09xl06 
=  0.00586  rad  =  0.336° 

10.2.2  Stability  Derivatives  for  a  Tandem  Rotor  Helicopter 

The  stability  derivatives  for  a  tandem  rotor  helicopter 
are  evaluated  utilizing  the  analytical  procedure  out¬ 
lined  in  Section  7.C.  These  derivatives  are  computed  at 
the  helicopter  trim  conditions  as  obtained  in  Subsection 

10.2.1  above.  Since  the  rotor  solidity  for  the  sample 
tandem  rotor  helicopter  considered  is  <r  =0.1.  no 
solidity  corrections  are  required  for  the  rotor 
stability  derivatives. 

The  stability  derivatives  for  the  sample  tandem  rotor 
helicopter  are  computed  for  three  degrees  of  freedom 
of  aircraft  longitudinal  motion.  These  derivatives 
are  obtained  as  follows: 

10 .2.2.1  Front  Rotor  Isolated  Derivatives 

(a)  Obtain  the  required  front  rotor  trim  parameters 
from  Subsection  10.2.1. 


0.3 


Mt  =  0.8  0,  -  0° 


a  =  0.1 


TF.  3.09xl06  &R  =  690  ft/sec 
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(£k) 

1  <r  f 

.  =  0.0474 

( CD\ 

-0.00473 

i 

UF  " 

[(T.F.!r]F(-^,F 

=  (3.09x10^x0. 1) (0.0474) 

=  14600  lb 

0F  = 

_(T.F.)  «r]F  (^)f 

=  (3,09x10^x0, 1) (-0.00473) 

=-  -1460  lb 

=  7°  -  0.122  rad 

XF  =  -0.061 

^  RF 

-  0 

€F  =  0 

L'sing  the  trim  values  from  step  (a),  enter  isolated 

readr0ffrthffV?l  Ch3rtS  given  in  Section  7-5  and 
read  off  the  following  nondimensional  isolated 

rotor  derivatives  for  the  front  rotor: 

(i) 

Derivatives 

_  c,1 

—T1  «  -0.132 

JF 

ra&>  i 

L  d\ a  JF-  °-fi272 

(|^)  =  -0.137 

(4^)  =  0.13G 
d/i  F 

(ii) 

.  ac -  Derivatives 

L;]  °-368 

[i^]F  =  0'°20 

(^)  -  0.23 
dacf 

(P1)  0.20 

oar 

C  F 
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(c)  Using  the  equations  of  Subsection  7.3,1  and  the 
values  obtained  in  steps  (a)  and  (b)  above,  cal¬ 
culate  the  following  front  rotor  dimensional 
derivatives : 

( i)  Up  -  Derivatives 

dip  .  r (T.F.io-i  ritah-i 

du p  L  &R  Jp  L  dfx  JF 

=  3,.09xl06x0.1(.oa32)  .59.!  lb-sec/ft 

690 


=  i-°9xl06x0a,(0.o272)  =  12.2  lb-sec/ft 
690 


da|F 

duF 


d  up 


l  dn\ 

•‘orW, 

=  -i-(0.136'  =  0.000197  rad-sec/ft 
690 


=  ( 


eb&2M«  da 

)  ( 


S  x  /  ~w|F) 


2  p  duF 

=  0*667 x3x 23 . 4^x114. 96 000197) 
2 

-  12.4  lb-sec 


♦ 


(ii)  cip  Derivatives 


=  3. 09x106x0 . 1x0 . 368  =  114000  lb/rad 
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doF 

dcif 


■  i™*  \  [#i 


F  3aC  F 
=  3. 09xl06x0. 1x0.020  =  6180  lb/rad 


dai,  da. 

-3-^=  (v-4  =  0.20 

OaF  aacF 

$Mhu0f  eb^Ms  daiF 
daF  "{  2  \{  daF 

0.667x3x23.4^x114.96(0 

2 

=  12600  ft-lb/rad 


(ili) 


q -  Derivatives 


dq  dq  f  L  y Xl(t.883-/i) J  F 


_ ^34 _ 

8x23.4(1. 883-0.3^) 


-0.101  /sec 


(iv)  Qip-  Derivatives 


-|^-=  -Df  =  1460  lb/rad 
OQ  iF 

=  Lf  =  14600  lb/rad 

0  aiF 

10.2.2.2  Rear  Rotor  Isolated  Derivatives 

(a)  Obtain  the  following  rear  rotor  trim  parameters 
from  Subsection  10.2.1: 

H  =  0.3  MT  -  0.8  0,  =  0° 


10.2-27 


cr  -  0.1 


T.F.  -  3.09x10° 


ft R  =  690  ft/sec 


=  0.0469 


-0.00380 


Lr=[(T.F.)o-]r  (-^Mr  =  (3.09x106x0.  1) (0.0469) 

=  14500  lb 

Dr^'T.F.Io-I  (-^tO  =  (3.09x10^x0. 1) (-0. 00380) 

L  Jr  a  r 

=  -1170  lb 

075r  =  6.5°  =  0.113  rad  XR  =  -0.056 

Kfr  =  1.5  cR  =  1.90°  =  0.0332  rad 


(b)  Using  the  trim  values  from  step  (a),  enter  isolated 
rotor  derivative  charts  given  in  Section  7.5  and 
read  off  the  following  nondimensionai ,  isolated 
rotor  derivatives  for  the  rear  rotor: 

(i)  M  ~  Derivatives 


ft 


# 


<* 

Ji. 


(c.)  Using  the  equations  of  Subsection  7.3.1  and  the 
values  obtained  in  steps  (a)  and  (b)  above,  com¬ 
pute  the  following  rear  rotor  dimensional 
derivatives : 

(i)  Ur  -  Derivatives 


(3lr 

<3ur 

-48.4  lb-sec/ft 

<3dr 

"  -  11.0  lb-sec/ft 
o  Ur 

aa,R 

(3ur 

=0. 00020  rad-sec/ft 

3MHu0r 

— r — -  =  12.6  lb-sec 
o»jr 

aR-  Derivatives 

(3Lr 

daR 

114000  lb/rad 

|—  =  8030  lb/rad 
oa  R 

aa,R 

■\ 

=  0.196  aMHUBR 

=  12300  ft-lb/rad 

daR  daH 


(iii)  q -  Derivatives 


d^lR  -  -0. 101  / sec 

0  q 

(iv)  qir  -  Derivatives 


4^-  1170  lb/rad  -  14500  lb/rad 

a°'R  a°'R 


10.2.2.3  Fuselage  Isolated  Derivatives 

(a)  Obtain  the  following  fuselage  trim  parameter  from 
Subsection  10.2.1: 


VQ  -  207  ft/sec  q0  -  50.9  lb/ft^ 

a  =  1.71°  =  0.r  -98  rad 
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=  -0.85°  =  -0.0148  rad 


aFUS 


KFFUS  ”  KrFUS  “  1*0 

€  fus  =  2.56°  =  0.0447 

rad 

U fus  =  “577  lb 

Dfus  =  2170  lb 

Mfus  =  1580  ft-lb 

Also  determine  fuselage  pitching  moment  of  inertia 
I yy  -  158041  slug-ft^ 

(b)  Using  the  fuselage  trim  values  from  step  (a)  above, 
enter  fuselage  charts  given  in  Figure  2,  Subsection 
10.2.1  and  determine 

0.239/rad 

0 

0.614/rad 


dcL 


FUS 


<?aFUS 

<jC°FUS 

^aFUS 

d°MFUS 

<3“fus 


(c)  Using  the  equations  of  Subsection  7.3.1  and  the 
values  obtained  in  steps  (a)  and  (b)  above,  com¬ 
pute  the  following  rear  rotor  dimensional  deri¬ 
vatives  : 


(i) 


upus  -  Derivatives 
dl-Fus  _  2 


^UFUS 

<3DfUs 


<3u 


FUS 


Vo 

Vo 


».-2§7<-577> 


'FUS 


-  257!2170> 


-5.57  lb-sec/ft 
21.0  lb-sec/ft 
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* 


« 


f 


V 


dMFUS  _  2 

^UFUS  V0 


-^(1580) 

207 


15.3  lb-sec 


(ii)  Qfus*  Derivatives 


d*-Fus 

(3apus 


=  azfus 


(^£lUS) 

(3ofFUS 


=  50.9  x  566.8  x  0.239  =  6900  lb/rad 


do 

da 


FUS 

FUS 


(d^JLUS) 

^aFUS 


=  0 


dM 

da 


FUS 

FUS 


=  q0  AXFUS 


^FUS^ 


^cmfus 

^aFUS 


) 


=  50.9x121.6x51x0.614=194000  ft-lb/rad 

10.2.2.4  Total  Stability  Derivatives 

The  total  stability  derivatives  for  the  sample  tandem 
rotor  helicopter  are  evaluated  utilizing  the  analytical 
procedures  outlined  in  Section  7.1  and  the  isolated 
derivatives  computed  in  Subsections  10.2.2.1  through 
10.2.2.3.  These  derivatives  for  three  degrees  of 
freedom  of  aircraft  longitudinal  motion  are  obtained 
as  follows: 

(s)  X  y 


£lf 

duF 


(a  -eF)  - 


d0f 

duF 


=  -59.1x0.0298-12.2  =  -14.0  lb-sec/ft 
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1C. 2-32 


(Xu}^  =  XUr  4-  Xqr  (  ~  R  ) 


-10.8  4  6090  x  0.000481  =  -7.87  lb-sec/ft 


dl 

Ufus  "  du 


FUS 


(a  tFUS) 


do r. 


F'JS 


FUS 


du 


FUS 


-5. 57(0. 0298-0. 0447)-21.0 
--20.9  lb-sec/ft 


X<*fus  =  ^apUS  '€fus^  +  Lfus+°fus  ^a-<Fus^ 

6900(0. 0298-0. 0447)-577 
42170(0.0298-0.0447)  =  -712  lb/rad 


dctpus  _  K FFUS  ^  X  d\  ^  rtftFUS  ^  X  d\  ^ 


au 


V, 


<Vf 


'H-  R 


"  -^7(Z¥|i+0-137)-257(IW+0-12) 

1=  0.000643  rad-sec/ft 


da 


(XuVus=XuFUS+XaFUS(-3f) 


-20.9  -712  x  0.000643  =  -21.4  lb-sec/fC 
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. .  xu  =  (XU)F  +  (XU)R  +  (XU)CUS 


=  -14-7.87-21.4  =  -43.3  lb-sec/ft 


(b)  XO 


s _W_  =  ,||5pO  =  _885  sl 

u  n  32.2  6 


(c)  X 


w 


*vrF  =T0*aF  =  257  X  11800  =  5?-°  lb-sec/ft 


(XwiF  =-Xw-f(^£-)  =  57.0  lb-sec/ft 

=  -^Xa„  =  2O7x609°  =.29‘4  lb_sec/ft 


-—j-2-  =  I  -  Kfr[  I - —  (tj—  )  1 

(3a  *■  fi  <3ac  p 


=  1-1.5  (l--±-x0.23)  =  0.650 

w  •  J 


(Xr;  =  Xr  l-^2-)  =  29.4  X  0.65  =  19.1  lb-sec/ft 

R  R  o  a 

X.VT  =77-Xa  =  T^jxf-712)  =  -3.44 

"  fus  V0  aFus  207 


(3a cue  I  d\ 

Fus  =  I  -  Kff.js  (I - — )  -K 


da 


H-  d<*cF 


_ !  dXx 

rfus^1  i  * 
M  dacR 


-  1-(1-— L_x0. 23) - ( 1--I— xO. 23)  =  0,533 
0.3  0.3 
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<MrJsr  VFUS(-|^'  =  -3. 44x0.533  =  -1.83  lb-sec/ft 

•  •  X  w  =  (Xw-lp  +  (X/r)R  +  (Xv^FUS 


57.0  -  19.1  -  1.83  =  74.3  lb-sec/ft 


(d) 


da 


d  a 


—  =  -  K 


I  3  X  x 

PR(I  -T  )  ( 
M  ^aCF 


V0 


-1.5(l--i.x0.23)(10±M^21)=-0.0658  sec 
0.3  207 


(X*-)R  XQr(-^-)  =  ^yx6090(-0.0658) 

Vq  Oa 

=  -1.94  lb~sec2/ft 


X^  =  (X^)R  =-1.94  lb-sec2/ft 

(e)  Xg 

Xg  =  -W  -28500  lb/rad 

(f)  Xg 


.^X  dLf,  , 

U — )  -  3 —  (a-fF)  - 
°°i  F  °°iF 


(3df 

do,F 


1460  x  0.0298  -  14600  =  -14600  lb/rad 
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<xeV  ■  xuF*zF  x«rF**F+<da|)  aq'F 


=  -14(-6. l)-57. 0(20) -14600(-0. 101) 
=  420  lb-sec/rad 


3a,  „  da 


da 


R  ”'R  ”"'R 

=  1170x(0. 0298-0. 0332) -14500=-14500  lb/rad 


(XS)RS  XUr  ^Zr  XWr^«r  +  18„  1 


dx  datR 


'i  H  3q 

"  -10.8(-10. 7) -29. 4( -18. 92) -14500 (-0. 101) 
=  2140  lb/rad 


.'.X0-(X0F  +  (Xd)R-'yVoa 

=  420+2140-||^x207x0.0298  =  -2900  lb-sec/rad 


z 


u 


Z 


(a-cF)  •+■ 


dLpj 

d\jf  J 


=  -(12.2x0.0298-59.1)  =  58.7  lb-sec/ft 

Za  p  =-[|^(a-«F)  +  4k-+DF-LF(a-«F)l 
r  *-  daF  OQp  J 

-(6180  xO. 0298+314000-1460-14600x0. 0298) 
=  -112000  lb/rad 
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(Zu)  =  Z„  +Za  (^)  58.7  lb-sec/ft 

F  F  F  Ou 


u  R  =  [' 


^(a-cR)  +  ^ 

0  Ur  0  Ui 


-[ll.0(0. 


0298-0. 0332)-48 


48.4  Ib-sec/ft 


=  -[8030(0. 0298-0. 0332)+llA000-1170 
-14500(0.0298-0.0332)]=  -113000  lb/rad 


<Zu>R  »ZUR+ZaB!^) 


48.4-113000x0.000481  =  -5.95  Ib-sec/ft 


_  [  ^DFUS  .  v  .  ^lfus  1 

‘  "3 -  Ifl  «FIIS)+  “1 - 

L  OUFUS  0  Upus  J 

-[21.0(0.0298-0.0447) -5. 57] 


5.88  lb-sec/ft 


-[tP*  «“-•«)+ +DFUS-LFUS(a-,FUS)] 
L  daFUS  oaFgs  J 

-[6900+2170+577(0.0298-0.0447)] 


-9060  lb/rad 


1  t  •"<  *5  - 

1  l  .  2.  “  J  # 


=  5.88-9060x0.000643  0.0544  lb-sec/ft 


•'•zu  -  <zu>F+<zu>„+<zU>FUS 

=  58.7-5,95+0.0544  =  52.8  lb-sec/ft 

(h)  Z*- 

7  =  J-z  =  — i— x(-112000)=-541  lb-sec/ft 

^F  V0ZaF  207 

(ZJ  =Z^  (4^-)  =  -541  x  1  =  -541  lb-sec/ft 
w  f  wf  (ja 

Z^  =—  Z„  =  — x(-113000)  =  -546  lb-sec/ft 
v0^aR  207 

(ZJ  'Zur  (4^)  =  -546  x  0.650  =  -355  lb-sec/ft 

w da 

7  =  J- 7  -  -L-x(-9060)  =  -43.8  lb-sec/ft 

^FUS  V0  a  FUS  207 

(Zw-'fus^fus1"!^  =  -43.8x0.533  =  -23.3  lb-sec/ft 
•  •  z  w  =  <zvr>F  +(z\r^„+  ,zw-'FUS 


=  -541-355-23.3  =•  -919  lb-sec/ft 

(D  Z^ 


(Z^R=  Vo^R1^' 


_1_( -113000) (-0.0658) 
207 

35.9  lb-sec2/ft 


=  35.9-2^500  -849  lb-sec2/ft 

32.2 


(j)  z  8 

2 q=  -\Nd  =  -28500  X  0.0298  =  -849  lb/rad 

00  zfl 


rapF 

L  (3a,F 


(a-«F)+ 


<3lf1 
<3o,f  J 


-(14600x0.0298+1460) 
-1900  lb/rad 


(ze'F  =  zuF^zF  -zwF*xF  +  ((30!)f  ,3pF 


=  58. 7(-6.1)+541x20+1900x0. 101=10700  lb-sec/rad 


=  -[l4500(0. 0298-0. 0332)+117o] 
=  -1120  lb/rad 


(zSV-zUp  'z»'zwfi^»  +  (j.  ' 


dly  dau 


(30,  n  dq 


48. 4(-10. 7)+546(-18. 92)+1120x0. 101 
-  -10700  lb-sec/rad 

■.Zg=  (Zg)F  +  (Zg)R+  va 

10700-10700+1^2x207  =  183000  lb-sec/rad 
32.2 


(1) 


dMpus  _  <3Mpijs  dMFUS  dapus 

<3u  d  Upus  <3aFUS  du 
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=  15.3+194000x0.000643  -  140  lb-sec 


^HUBp 

~^T“ 


^^HU3p 

dlip 


+ 


d^HUBp 

daF 


=  12.4  lb -sec 


^Mhubr  _  ^MhuBr 


du 


+ 


dM 


HUBr 


(3ur  daR 


=  12.6+12300x0.000481  =  18.5  lb-sec 


* 


Mu  ■  (X.)  JZf-!Zu)f  ^xf  +  (Xu)r^Zr-(Zu)r  *Xr 

dMFUS  <3mhub  dMHUB 

+“ +-^  +  -a^ 

=  -14 (-6. 1) -58.7x20-7 . 87(-10.7)+5.95(-18.92) 
+140+12.4+18.5  =  -946  lb-sec 


(m)  M  w- 


dMpus 

(3  Mpus 

dapus 

da 

^aFUS 

da 

194000x0.533 

103000  fL-lb/rad 

* 

^HUBp 

d  ^’nuBp  daF 

► 

da 

daF  da 

=  12600x1  =  12600  ft-lb/rad 
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I 


dM 


HUBr 


^MHUBr  dfJ\ 


da 


da r  da 


12300x0.650  -  8000  ft-lb/rad 


■■  s  (X^lp  iZp  JXf +(Xw-)r  ^ 2r  l^w^R  ^x. 


dM 


+  —  (-  . 
V0  (3a 


FUS 


(3m 


HUBp 


da 


+ 


d  M 


HUBr 


da 


57(-6.1)+541x20+19.1(-10.7)+355(-18.92) 

+_L_( 103000+1 2600+8000)  =  4150  lb-sec 
207 


(n)  M 


w 


Mvr 


(o)  Mg 


(XW>R  ^Zr  (Z».")R^*  R 

-1.94(-10.7)+35.9xl8.92  =  700  lb-sec2 


(3mHUBf  (3 MHUBf  l  (3mHUBf  6b.fi.  Ms  <3qif 

dq  du  ^zp  V0  da  ^xp  2  dq 

12 . 4( -6 . 1) --i-xl 2600x20 
207 

t 0.66 7x3x23. 4^x11 4. 96 ^.q  iqi) 


dM 


-7650  f t- lb -sec /rad 


HUBr  _  ^MHUBr  .  _  J_  ^MHUBr  p  ebl^  MS  ^°Ir. 


dq 


du 


■R  V 


da 


dq 


1C. 2-41 


=  18. 5  (-10.  7) -^~x8000x( -18. 92) 

+0. 667x3x23. 4^x114. 96f_n  •)  nj  ) 
2 

=  -5830  f t-lb-sec/rad 


Me  =  ‘xe>F  V‘zs>F  **F  +(x6)R4R-(ze)R^R 

^MhuBf  ,  dMHUBR 
dq  Oq 

=  420(-6. l)-10700x2G+2140(-10. 7)+10700(-18.92) 
-7650-5830  -  -455000  f t-lb-sec/rad 

(p)  Mg 

WiQ  =  -IYY  =’158041  slug-ft2 


The  total  stability  derivatives  for  the  sample  tandem 
rotor  helicopter  are  summarized  .n  Table  VII  below. 
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TABLE  VII 

SUMMARY  OF  THE  TOTAL  STABILITY  DERIVATIVES  FOR  THE  SAMPLE 
%  TANDEM  ROTOR  HELICOPTER  _ 


X 

2 

M 

u 

-43.3  lb-sec/ft 

52.8  lb-sec/ft 

-946  lb-sec 

u 

-885  slug 

0 

0 

u 

0 

0 

0 

w 

74.3  lb-sec/ft 

-919  lb-sec/ft 

4150  lb-sec 

w 

-1.94  lb-sec2/ft 

-849  lb-sec2/ft 

700  lb-ssc2 

w 

0 

0 

0 

e 

-28500  lb/rad 

-849  lb/rad 

0 

e 

-2900  lb-sec/rad 

183000  lb-sec/rad 

-455000 
f t-lb-sec/rad 

6 

0 

0 

-158041  slug-ft2 

i 

I 


IQ.2.3  Stability  Characteristic  Equation 

The  dynamic  stability  of  an  aircraft  is  assessed  by- 
examining  the  coefficients  and  the  roots  of  the  stability 
characteristic  equation.  This  characteristic  equation 
for  the  sample  tandem  rotor  helicopter  can  be  obtained 
by  following  the  analytical  procedure  outlined  in 
Section  8.0  and  by  utilizing  the  aircraft  total  stability 
derivatives  computed  in  Subsection  10.2.2. 
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10.2.3.1  Coefficients  of  the  Characteristic  Equation 


(a)  Utilizing  the  total  aircraft  stability  derivatives 
presented  in  Table  VI  of  Subsection  10.2.2,  compute 
the  following  terms: 


6,  Z^Mg-M^Zgi  =  ( -849) ( -158041)  134  x  106 

G-,  =  Z^M  Q  +Z^M  Q  -M*-  Zq-M^Zq 

(-919) (-158041) -849 (-455000) -700(183000) 

403  x  106 

Gj  =ZgMu-ZuMfl  -52 . 8(-158041)  8.34  x  106 

64  = 

=  52. 8 (700) +946 (-849)  =  -0.766  x  106 
G5  =  ZvrM0-Mw-Z0--Z^Myy 

-  -919 (-455000) -4150 (183000) +849 (700)  -341xl06 
G6  =  Mu  Z0  -  Zu  MQ 

-9 46 (18 3000) -52. 8 ( -455000)  -149  x  106 

G7  =  ZU  M  yy-  -  MU  Z  yy- 

52. 8(41 50) +946 (-919)  -0.65  x  106 

Gq  =  Mu  X^r  -  Myyr  X  y 

-946(-1.94)-4150( -885)  -  3.67  x  106 
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Gg  =  X^-M  y  “XyMy/" 

74. 3(-946)-43. 3(4150)  0.105  x  106 

(b)  Calculate  the  coefficients  of  the  characteristic 
equation  as  follows: 

A  G,  Xu  134(-885'xl06  -119xl09 

B  --G,X,,  +  G2Xu  +  G3X^  +  G4Xe 

134(-43.3) *403(-885)  8. 34(-l. 94)  xlO6 
-36.'  x  109 

C  =  G£Xu  +  G3Xw.4G4Xg-fG5Xu  +  G6X^-t-G7Xg 

403(-43. 3)  8.34(74.3) -0. 766 (-2900) -341 ( -885) 
-149 ( - 1 . 94)  x  106  287  x  109 

D  =  G4X0+G5Xu  +  G6Xv,+  G7Xa  +  GaZfl 

[ -0. 766( -28500) -341( -43. 3) -149(74.3) 
-0.65(-2900)  +  3.67(-849)]xl06  =  24.3xl09 

E  =G7X6+G9Ze 

T  Q 

-0. 65 ( -28500) +  0. 109 ( -84.  /j  xl0b  =  18.4  x  109 

(c)  Divide  all  the  coefficients  by  the  coefficient  A’, 
obtain  the  following  stability  characteristic 
equation  for  the  sample  tandem  rotor  helicopter: 

A4+ 3.04A3 -2. 4IA2 -0.204  A-0. 155  =  0 


V 


10,2.3,2  Criteria  for  Stability 


As  discussed  in  Section  8.4,  the  necessary  and 
sufficient  conditions  for  stability  are  that  all  the 
coefficients  of  the  characteristic  equation  (B,  C,  D 
and  E)  be  greater  than  zero  when  A  >  0,  and  also  the 
Routh  discriminant  R*>0. 

It  can  be  noted  that  in  the  sample  case,  the  normalized 
coeff icientsC,  D,  and  E  are  smaller  than  zero  when  A 
and  B  are  greater  than  zero.  Since  there  is  only  one 

sign  change  in  the  normalized  coefficients  A,  B . E, 

there  will  exist  at  least  one  positive  (unstable)  real 
root. 

Therefore,  the  sample  aircraft  will  possess  at  least 
one  unstable  aperiodic  longitudinal  mode,  regardless 
of  whether  the  Routh  discriminant  is  positive  or 
negative. 


10.2.3.3  Solution  of  the  Characteristic  Equation 

The  solution  of  the  stability  characteristic  equation 
(quartic)  for  the  sample  tandem  rotor  helicopter  can 
be  obtained  utilizing  the  analytical  method  of 
Section  8.5.  The  calculation  procedure  of  this  method 
is  as  follows: 

(a)  Determine  the  normalized  coefficients  (A,  B . E) 

of  the  characteristic  equation 

A44BAJ  +  CA2  +  DA  +  E  =0 
where 

A  1,  B  -  3.04,  C  =  -2.41,  D  «  -0.204,  E  -  -0.155 

(b)  Calculate 

S*  =  BD  +  C2-4E 

=  3.04(-0.20O+(-2.41)2-4(-0.155)  =  5.80794 
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R*  =  BCD-EB2-D2 

3.04(-2.41)(-0.204)+0.155(3.04)2-(-0.204)2 
2.88541 
(c)  Compute 

h,  i(3S*  -  4C2) 

=  i  [3(5. 80794)  -4(-2.41)2]  =  -1.93619 
h  =  18CS*-16C^-27R*)  =  _1. 1 18(-2. 41)  (5 .  S0794) 

-16(-2.41)3-27(2. 88541)]  =  -3.922 


Vd) 


Evaluate  the  discriminant  (A) 


A  = 


=  (-3-922)1  +  (-1.93619)3  =  3.57669 
4  27 


(e)  Determine  the  value  of  (Fin). 

Since  A  in  steo  (d)  is  greater  than  zero,  then 

nn 


^.57669  +/i_922 


-Jl.  57669  =  1.97933 
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(f)  Compute 


c,  =  nn  +  -f-< 


=  1.97933  + 


0.37267 


(g)  Calculate 


£  =  B -rj  =  3.04  -  0.12793  -  2.91207 

(h)  Finally,  determine  the  four  roots  of  the  stability 
quart ic,  thus: 


A,  =  0.771  A 2  «  -3.683 
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and, 


-  -0.06396  +  0. 22478  i 


A3  -0.0640  +  0.225  i 
A4  =  -0.0640  -  0.225  i 


10.2.3.4  Roots  of  the  Characteristic  Equation 

The  roots  of  the  characteristic  equation  computed 
above  consist  of  one  positive  real  root  ( A »  =  0.771), 

one  negative  real  root  (A  2  -  -3.683),  and  a  pair  of 
complex  roots  (A3f4  =  -0.0640  +  0.225i). 

The  positive  real  root  (A| )  corresponds  to  aperiodic 
divergence  having  time  to  double  the  amplitude  of 
about  0.90  sec.  The  negative  root  (Az)  corresponds 
to  aperiodic  convergence  having  time  to  half  the 
amplitude  of  about  0.188  sec.,  which  corresponds  to 
a  time  constant  of  0.272  sec.  The  complex  pair  (A3i4  ) 
corresponds  to  a  slowly  convergent  oscillation  having 
a  period  of  about  27.9  sec.  and  a  time  to  half  the 
amplitude  of  10.8  .  ^c.  This  corresponds  to  a  frequency 
of  the  oscillation  of  0.0358  c.p.s.  and  a  time  constant 
of  18.5  sec. 

It  can  be  concluded,  therefore,  that  the  sample  tandem 
rotor  helicopter  is  longitudinally  unstable. 
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The  most  convenient  way  of  computing  aircraft  response 
due  to  control  inputs  or  external  disturbances  is 
through  the  use  of  an  analog  computer  program.  Such  a 
program, which  is  described  in  detail  in  Subsection 
10. 1.4, for  a  single  rotor  helicopter  can  be  easily 
applied  to  a  variety  of  V/STOL  aircraft  by  utilizing 
the  appropriate  total  stability  derivatives  corre¬ 
sponding  to  the  type  of  aircraft  considered. 
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SECTION  11.  THEORETICAL  DERIVATION  OF  EQUATIONS  OF  MOTION 


The  object  of  this  section  is  to  provide  the  reader 
with  a  better  explanation  of  theoretical  aspects  of 
stability  and  control  concepts  and  to  supply  a  formal  proof 
of  the  equations  of  motions  used  in  Section  4. 

11.1  GENERALIZED  EQUATIONS  OF  MOTIONS 

An  aircraft  in  flight  is  subjected  to: 

(a)  Inertia  fo.°es  and  moments 

(b)  Applied  external  forces  and  moments 

(c)  Generalized  con'  'ol  forces 

The  inertia  forces  and  moments  arise  from  the 
aircraft's  resistance  to  change  its  state  of  a  uniform 
motion  when  subjected  to  changes  of  linear  and  angular 
velocities  and  accelerations  in  space. 

The  applied  external  forces  acting  upon  an  aircraft  are 
of  two  kinds:  gravitational  and  aerodynamic.  These 
forces  are  generally  dependent  on  the  aircraft 
configuration  and  the  particular  flight  condition. 

Since  gravity  vectors  do  not  contribute  to  the  moments 
about  C.G.,  then  the  applied  external  moments  are 
entirely  aerodynamic. 

The  generalized  control  forces,  on  the  other  hand,  are 
internal  forces  and  are  arbitrary  functions  of  the 
control  commands  of  a  human  or  automatic  pilot.  For 
the  purpose  of  the  derivation  of  the  generalized 

*  equation  of  motion,  it  will  be  assumed  in  this 
analysis  that  all  controls  are  fixed. 

11.1.1  The  Inertia  Forces  and  Mcmc-nts 

The  complete  derivation  of  inertia  forces  and  moments  of 
a  rigid  body  in  space  can  be  found  in  any  standard  text- 

•  book  on  aircraft  dynamics.  A  typical  example  of  such  an 

analysis  is  presented  on  page  94  of  Reference  1  and  will 
not  be  duplicated  in  this  ^etion.  However,  the  summary 
of  the  final  results  of  P  .rence  1  is  presented  below. 
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11.1.1.1  The  Inertia  Forces 


*!'  —  (u  +  qw  -  rv  ) 


w 

Yj :  (  v  +  ru-pw) 


W 

Zj5  —  (wt  pv-qu) 


11.1.1.2  The  Inertia  Moments 


IX2(f+pq)-rq(Iyy-  I2Z) 

~Xxy* 

q-rp)-  Iyjiq2-  r2) 

Mi¬ 

^Xyy“ 

Ix2(r2-p2)+rp(Ixx-lzz) 

-w 

:p  +  rq)-Iy2(r  -  pq  ) 

ni  ■ 

<hz~ 

Ixz(P~  qr)+pq  (Iyy-Ixx) 

'  ^xy( 

p2-q2)-Iy2  (q  +  pr) 

11.1.2 

The 

:  Applied  External  Forces  and  Moments 

The  resultant  motion  of  an  aircraft  (free  body  in  space) 
can  be  described  by  superposition  of  perturbation  motions 
about  each  axis.  In  doing  so,  it  is  essential  to 
maintain  a  right-handed  (Maxwell  corkscrew  rule)  system 
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of  axes.  The  initial  disturbance  can  be  applied  about 
any  axis  so  long  as  the  proper  cyclic  order  of 
perturbation  in  positive  directions  is  maintained. 

For  example,  the  initial  disturbance  and  the  cyclic 
f  order  of  perturbation  can  be  considered  as  follows: 

Perturbation  about  X-axis,  Y-axis,  Z-axis 
or  Y-axis,  2-axis,  X-axis 
or  Z-axis,  X-axis,  Y-axis 

Once  an  initial  disturbance  and  a  certain  cyclic  order 
of  perturbation  are  selected,  they  must  be  maintained 
throughout  the  analysis. 

The  following  cyclic  order  of  perturbation  is  adopted 
herein: 

(a)  Rotate  Y-Z  axes  about  X-axis  through  an 
angle  Xx  , 

(b)  Rotate  X'-Z*  axes  about  the  perturbed  Y-axis, 

Y1,  through  an  angle  Xy, 

(c)  Finally,  rotate  Xn-Yn  axes  about  the  perturbed 
Z-axis,  Z ",  through  an  angle  X2  > 

where  ()T,  ()u,  etc.,  represent  forces  along  appropriate 
axes  after  first,  second,  or  higher  order  cyclic 
rotations;  and  Xx  ,  Xy  ,  Xz  pertain  to  perturbation 
angles  of  the  force  vectors  about  X,  Y,  and  Z-axes. 

11,1.2.1  The  Aerodynamic  and  Gravitational  Forces 

All  forces  are  positive  if  they  act  in  the  positive 
direction  of  body  axes  system  as  described  in 
Section  3. 
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(a)  Rotation  about  X-Axi: 


+M. 


G 


/ 

/ 

ik 

$  + 

z  Z 


X'  =  X 


Y'r  Ycosxx+Zsin  x 


Z  =  ZcosXx-YsinXx 


(b)  Rotation  about  Y*-Axis 

Xt — *  — 
y  v 


Xll=  x'cos  Xy-z'sinx 


^VMy 

/ 

/ 

/ 


z"  z. 


Y  -  Y 


z"=Zcosxy+  X1  sin  Xy 


¥ 


(7) 

(8) 

(9) 


* 


(in) 

(11) 

(12) 
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(c)  Rotation  about  ZM-Axis 


ji  ,  wii  . 

X  =X  cosxz+  Y  smxz 

vm  ..11  ji  . 

Y  =YcosXz-X  sin  Xz 

Z".  Z" 


(13) 

(14) 

(15) 


Substituting  equations  (10)  through  (12)  into 
equations  (13)  through  (15)  yields 

Xn,=  (X'cosxy-Z1  sinxy  )cos  xz+  Y'sin  xz  (16) 

y"-  y'cosXz-  (x'cos  Xy-z'  sin  Xy)stn  Xz  (17) 

Z"--Z'cos  Xyt  x'sinXy  (18) 


Expanding  equations  (16)  through  ( 18), there  follows 


(20) 


Y"=-X'cos  xysin  xz  +  Y'cos  xz  +  Z'sin  Xysm  Xz 


Z'"=  X1  sin  Xy+  Z'cos  Xy 

(21) 

1 r 

Substituting  equations  (7)  through  (9)  into 
equations  (19)  through  (21)  yields 

► 

t 

* 

x"=  X cos  XyCOS  xz  +  (Ycos  xx+Zsin  xx>sinxz 

1 

-(Zcos  Xx  ~  Y  sin  xx )  s'n  Xyc°s  xz 

(22) 

Y'"=  - Xcos  XySin  x2+(Yi'o$xx+  Zsin  X„)  cosXz 

+  (ZcosXy-Ysinxx)sinXy?inxz 

(23) 

Z'"«  XsinXy  +  (ZcosXx-YsinXx)cosXy 

(24) 

Expanding  equations  (22)  through  (24)  and  combining 
similar  terms,  the  generalized  force  equations  of 
disturbed  motions  are 

x"'  =  XcosxycosXz+  YtcosXxSinXz  +  sJnXxSinXyCosxd 

V 

+  Z(sinXxsinx2  -cos  xxs'n  Xycos  X2  > 

(25) 

4 

Y"'=  "Xcos  XySin x2  +  Y(«s  Xxcos xz“ sin Xx sin Xy stnXz  ) 

w 

M 

+  Z  (sin  Xxcos  Xz  +  cos  Xxsin  Xy  sin  Xz  ) 

(26) 
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Z1"  --  X sin  Xy  -  Ysin  Xxcos  vy  +  Z  cos  Xx  cos  Xy 


(27) 


The  final  force  equations,  equations  (25),  (26),  and  (27), 

are  now  expressed  as  functions  of  undisturbed  forces 

X,  Y,  and  Z  and  the  perturbation  angles  xx*  Xy  > 

and  xz  related  to  the  appropriate  body  system  of  axes. 

Assuming  e.  generalized  aircraft  under  consideration 
to  consist  of  single  rotor  (or  front  rotor  of 
tandem  rotor  configuration),  rear  rotor  (of  tandem 
rotor  configuration),  fuselage,  horizontal  tail 
plane,  vertical  tail,  tail  rotor,  wings,  propellers 
or  jet  engines,  the  undisturbed  force  equations  along 
the  body  axes  are 


X  =  -  Df-  Dr  -  DFUS-  D  w  Dt  Dvt~Dtr 


n 


+  2  Tp  cos  iP 
i'l  i  Pi 

(28) 

n 

Y  =  Yp-  Yr  +  Yfus-  Lvt+  £  Yp.  +  Ttr 

(29) 

Z  -  W-Lp-  Lr-  Lfus-  Lw  -  Lt  -  Ytr 

n 

-  £  (ND.cos  ip,  +  Tp,  sin  ip,  ) 
pi  u  u  n 

(30) 

The  perturbation  angles  about  the  body  X,  Y  and  Z 
axes,  relative  to  gravitational  or  aerodynamic  forces, 
are  easily  identified  as  follows: 


-  for  gravitational  force  vectors, 


-  for  aerodynamic  force  vectors, 


*r  A|f’  A'r 


Xy  =  9 


-  for  gravitational  force  vectors, 


Xy 

Xz  =  t 


-  for  aerodynamic  force  vectors, 


-  for  gravitational  force  vectors, 


and 


x,  = 


-  for  aerodynamic  force  vectors. 


Substituting  equations  (28),  (29),  and  (30),  together 
with  the  appropriate  perturbation  angles  ^  f  ^ 
and  ,  into  equation  (25)  yields  x  ^ 


XUI  -  -  DFcos  (a-eF)  cos  /3S  -  Drcos  (a -€r  )  cos (3S 

-  DFUSco5  (a-€FUS)cos  -  Dvycos(a~€w)  cos/3s 

-  0T  cos  (a  -  c  T )  cos  /3$  -  Dtrcos  ( a  -*  TR)  cos 

n 

-  Dvtcos  (a-€VT  )cos/3s  +  Z  (Tp.cos  ip.  -  Np.sin  ip.  ) 
-YFcos  A,Fsin^s+  YRcosA,Rsin/3s 

“YFUSsin4  “TTRsin^S  +  LVTSin^S 


*.■ 


*/ 


i 
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-Yp  sin  A(  sin  (a- €p  )  cos/3$  +  YRsinA(  sin  (a  -  eR  )  cos 
F  R 


+  W  sin  sin  ^  -  LP  sin  A,  sin  -  LR  sin  A,  sin /3S 


-W  cos  sin 0 cos  \j/  +  LFcos  Alf_sin  (a  -  e  F  )  cos  /3S 


+  Lr  cosA,  sin  (a-  €r  )  cos /3S+  LFussin  (a  -€FUS  )cos  /3, 


+  Lwsm  (a  -  ew  )cos/3s  +  LTsin  (a-eT  )cos  /3S 


+  YTRsin  (a  -  €TD  )cos  J3, 


TR 


Simplifying  equation  (31)  and  dropping  (  )m  sign, 
the  final  equation  of  motion  of  aerodynamic  and 
gravitational  forces  acting  along  body  X-axis  is 


XAfG=  -0F  cos  (  a  -  €F  )  +  (Lp  cosAlf.  -  YF  sin  Alf_  )sin(a- €F  )  cos/3s 


(LpSinAlf.+  i'p  cosAlp  ) sin  /3S 


-Dr  cos  (a- €r  )+(LrcosA,  +YRsinA!  )sin(a-eR  /  I  u  vw 

R  R  -I 


)  ]  C  OG 


-ILpSinA  -YrcosA  )  sin 

R  R 


*-FUSS'n  ~€FUS  ^  ^FuSC0S^a  €FUS 


C0S^S“YFUSSin4 


+  Lwsin  (a-€w  )-Dwcos  (a-€w  )j  cos/3< 


(31) 
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+  |^Lt  sin  (a  -  c  t  )-  Dt  cos  (a  -  €  t  }J  cos£s 

+  [YTRsin  (a  -  «TR )  -  0,,,  cos  (a -  <=TR )] cos/3s  - TTRsin £. 

“  DVJcos  (a-  €vt  )cos/3s  +  LVTsin/3s 
n 

+  2  {Tp  sin  ip  -Np  sin  ip  ) 
i=i  i  i  i  i 

+  Wsin  <p  sin  \j/  -  Wcos  <£  sin  0  cos  \f/  (32) 

Similarly,  substituting  equations  (28),  (29),  and  (30), 
together  with  the  appropriate  perturbation  angles,  into 
equation  (26)  yields 

Ym=  -0F  cos  (a-€F  )  sin  J3S  -  DR  cos  (a  -€R  )sir.fis 
-DFuscos  (a  -  €FUS)sin£s  -  Dw  cos  (a-€w  )  sin  0S 

-Dt  cos  (a-€T)  sin/3s  -DTRcos  (a  -  eTR)sin  j8s 
-Dvtcos  (a-€VT)sin  fis  t  YF  cos  A|f_  cos/3s 
-  Yr  cos  A|r  cos/3s  +  Yfuscos/3s+  Ttrcos/3s 


n 


+  Yp  sinA  sin  (a  -€  ) sin  /3  +  Wsin  <b  cos  ii/ 

Nip  R  S  * 
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+  LFsinA|  cos/3s +LR  sin  A,  cos/3s 

F  R 


+  Wcos  <f>  sin  9  sin  \p  +  LF  cos  A,  sin  (a  -  €F  )  s«n/3s 


+  LRcosA,  sin(G-€R  )  sin /3S  +  LFussin  (a  -  «FUS)sin/3s 

R 


+  LW  sin  (a-€yy)  sin/3s  +  LT  sin  (a  -  eT  )sin/3s 


+  YTRsin  (a  -€to  }  sin/3. 


TR 


Simplifying  equation  (33)  and  dropping  (  )  sign, 

the  final  equation  of  motion  of  aerodynamic  and 
gravitational  forces  acting  along  body  Y-axis  is 

YAfG=[“DF  cos  (a-€F  )  +  {Lp  cosA^  -  Yp  sinA|f_  )sin  (a-€p  )jsin/3$ 


+  (LFsin  Alf.  +  Yf  cos  A|f_)cos/3s 


-DR  cos  (a -eR  )  + (LRcos  A,  +  YRsinA,  )sin(a-€D) 

R  R 


l]Sin/3s 


-f-  (Lr  sin  A,  -YRcosA,  )cos/3$ 

R  R 


[lFjs 


+  LP,eSifi(a-  e 


FUS 


l-CV-usCOsfa-epusljsin^s  +  YFuscos/3« 


+  Lwsin  (a  -  ew  )-Dwcos  (a-€w  )  sin/3; 


+  LTsin  (a-€T )-DTcos  (a  -  €T)jsin/3« 


(33) 
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+  [YTRSin(a-  *TR’-DTRCOs(a-  «TR']Sin^S 

n 

+  Ttrcos ft.  -DVTcos(a-«VT)sin/3s  -LVTcosfi.  +2  Yp. 

+  W  sin  <£>  cos  \j/  +  Wcos  sin$sin  \j/  (34) 


Finally,  substituting  equations  (28),  (29),  and  (30), 
together  with  the  appropriate  perturbation  angles,  into 
equation  (27)  yields 


Z"1  =  -Dp  sin  (a -€f  )-Dr  sin  (a-€R  DFuss«n  (a-€FUS  ) 

-Dw  sin  (a  -  €w  )  -DTsin  (a  -eT  )  -  DTR  sin  (a  -  cTR  ) 

-DVTsin  (a-€VT  )tVFsin  A|f:cos  (a-cF) 

-YRsin  A)r  cos  (a-€R  )  +  W  cos  <p  cos 9 
-  l.F  cos  A,  cos  (a  -  €F  )-  Lr  cos  A,  cos  (a-€R  ) 

r  K 

—  Lfuscos  (  ci  € Fj5  )  —  Lyy  cos  (a  - €w  ) 

-lT  cos  (a-«rT  )- Ytrcos  (a-€XR  ) 
n 

-I  (  Np  cos  ip  +  Tp  sin  ip  )  (35) 

i=i  i  i  i  i 

Simplifying  equation  (35)  and  eliminating  (  )Mlsign, 
the  final  equation  of  motion  of  aerodynamic  and 
gravitational  forces  acting  along  body  Z-axis  is 
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ZA+G=  -[oFsin  (a-€F  )  +  {LF  cosA,^-  YF  sin  )cos (a  -  eF)J 


~[drs' 


sin(a- €r  )  +  {LrcosA,  +  YR  sin  A,  )cos{a-eR)| 

R  R  J 


[l~FUSCCfe  ”€FUS  ^FUSS'n  ^a~€FUS 

[l~wcos  {a  -  €w  )+  Dwsin(a-€vv  )] 

^LTcos  {a-€T)tDTsin  (a-eT)j 

[ytrcos  (a-€TR)  f  DTRsin  (<*-€„)]  -  DyTsin  (a  -*VT  ) 


S  (Np  cos  ip  +  Tp  sin  i  )  +  Wcos  <6  cos  9 
1=1  ri  i  r\  Ki 


(36) 


11.1.2.2  The  Aerodynamic  Moment  s 

Aerodynamic  moments  are  generated  by  aerodynamic  torques 
as  well  as  by  the  aerodynamic  forces  acting  on  the 
various  aircraft  components. 

The  aerodynamic  moments  due  to  aerodynamic  forces  are 
expressed  in  terms  of  the  displacement  vector  of  the 
force  from  the  aircraft  C.G.  and  the  force  itself  as 
follows : 


M j  =  r:  x  Fj 


(37) 


where 


r;  =  JL  i  +jL.  j  +jL.  k 

I  A j  J j 
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Fj  =  X,  i  +  Yj  T  +  Zj  k 

•A  aA 

and  i,j,k  are  unit  vectors  along  the  X,  Y,  Z  axes 
located  at  aircraft  C.G. 

The  suffix  i  pertains  to  the  aerodynamic  component. 

Performing  vector  multiplication,  equation  (37)  can  be 
expressed  as  follows: 

Mj  =X  ,t  -f-Mj  1  +N;  k  (38) 


where 


Mr  =  X;  Jz.  -  Ziilxj 
Ni  =  Y|ix.  -  XjlYj 

The  aerodynamic  moments  due  to  aerodynamic  torques  for 
a  generalized  aircraft  configuration  are 


Xoj  =  '^FUS'5'<^HU8F"XHUeR+?  Qpj 

(39) 

X 

M0j  ”  ^FUS+  ^HU8p  +  ^HU0R'*’  ^TR 

(40) 

» 

^0:  “  ^FUS  *  ^F  " 

(41) 

4 
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Adding  all  the. rolling  moments  due  to  aerodynamic 
forces  and  torques,  there  results 

XA  *If{[.D,  cos(a-eF)  +  (LF  cos  A,p-YF  sin  A,F)sin(a-€F)]  sin  £s 
+  (LFsinA|F+YF  cosA|F)cos 

-XZr{  [-DRcos(a-€R)  +  (Lr  cos  A,r+Yr  sin A,R)s*n(a-«R)]  sin  £s 
+(LRsinAlR  -  Yr  cosA,r)  cos  /3s} 

-yfZw[Lwsin((i-€w)-Dwcos  (a-*w)]  sin  /3S 
_^zT[LTsin(a~<T)-DTcos(a-«T)  j  sin  £s 
-^zvt[0vt  cos(a-cVT)  sin/3s- LV7cos /3S  j 

^ZTR{[YTRsin^a“eTR^DTRCOS^a’‘<TR^]sin^S+TTRCOS^s}“.^Zp.YF 

-  iYF[DFsin^'«F^  +  ^LFCOsAlF"YFslnAlF^OS(a-€F)j’ 
-*^YR[DRsin(a-<R)  +  (LRcosAlR+YRsinA,R)cos(a-€R)] 

-J!yw[lwcos  (a-<w)+Dwsin(a-cw)j  . 

-£Yt[ltcos  (a-cT)+bTsin(a-cT)j 

-  ^YVT[^vTsin  (a"*vr)] 

-^YTR[^TRC0S^a"<TR^  +  ^TRS'n  ^®’CTR^j 
cos  ip.  +TP.  sin  ip.)l 

j=lL  Pj  i  i  i  i  j 

+  *^FUS  +“£hUBf~  ^HUBr+.^  Gpj 
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Regrouping  terms  of  equation  (42),  the  final  aerodynamic 
rolling  moment  equation, £*  ,  about  body  X-axis  becomes 

Xas“J?Zf[~Df  cos(a-€F)  sin/3$  4(LF  sinA,^  + YF  cos  A  |p)  cos  /3S 

+  (LFcosA,F-YFsinA,F)  sin  (a-€F)  sin  /3sj 

-^Yp^DpSin  (a-€F)  +  (LFcos  Alp-YF  sin  A,f)  cos(a~€F)j 

-)!z_  “DRC0S(a-€R)  sin  /3S4(LR  s'nAiD”YRcosAiD)  cos  £s 

RL  R  R 

4  (LRcosA,R4YR  sin A,R) sin  (a-tR) sin  /3sj 
“"^Yp^Rsin  (a-€R)  4(LRcos  A(r4  Yr  sin  AfR)  cos  (a  -€r)  j 
-tfz^Lwsin  (a-*w)-Dwcos(a-€w)j  sin/3s 

*“^Yw[LwCos(a-€w)  +  Owsin  (a-€w)  j 
—  J2Zt [lt sin  (a-€T)-  DTcos(a-€T)  jsin  £s 
-Xyt[ltcos  +  DTsin  (a-€T)  j 

*"^zvr[“DvTCOs(a"€vT)sin  /3s“Lvtcos/3s] 

~^Yvr[^VTSin  ^a“€vr^] 

“  £  zTR  {  [YTRsin(a-€TR)-DTRcos  (a-*TF^]  sin  £s+  Ttrcos  £s} 

”  f  ytr  [YTR  cos  ^a'€TR^  +  ^TR  s'n  t  a  "€TFj] 

“2  [^zP-  YPj  +  ^Yp.tNpj  cos  ipj  +TPj  sin  ipj)j 


+  ^FUS+  *^HUBf"  $Pj 
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Similarly,  summing  all  the  pitching  moments  due  to 
aerodynamic  forces  and  torques ,  the  final  aerodynamic 
pitching  moment  equation,  MA  ,  about  body  Y-axis  becomes 


M 


a  2  +  ^xf[df  sin  (a-€p)  4(Lf  cos  A,f-Yf  sinAlp)  cos  (a-eF)  j 
-l!ZF^DFcos(a-€F)cosi9s  +  (LFsin  A,F  +  YFcos  A,p)  sin  /3S 
-ILF  cosA|f~  YFsin  A|F)sin(a-€F)  cos  )Ssj 
+  JJXR^DRs|n(a-€R)-KLRcosA|p  +  YR  sin  AIr)  cosla-€R)J 
“?zr[drcos  cos £ s+  ( L.Rsin A|R—Yr  cos  a,r)  sin  /3S 
-(Lrcos  A|R+YRsin  A,r)  sin(a-eR)  cos  jSs j 
+  fi  x  w  |^LW  cos  (a-€w)  +  Dwsin  (a-€w)j 
-  fZw^Dwcosla-€w)-Lwsinla-€w)j  cos  j3s 
+  lXTj^lTcos la-€T)  +  DTsin  (a - cT) J 

Zt[dt  cos  (a-€T)-  Lt  sin  la-€T) j  cos £s 
+  ^  xVT  [ov-i-sin  (Q  -  €v^] 

~  i  zvt[^vt  cos  la-  €vy)  cos  /3S—  l-vTs'n  ^sj 

+  ^xtr[ytr cosla-€TR)  +  DxRsin  la-eTR) j 

”  ^ z Tr { [^TRC0S “YjRSin  la  -eTR)j  cos  /3S4  ITRsin  /3S| 

+  2  [^xp.Wpj  cos  ipj  +  Tpj  sin  iPj) -|z?j(NPi  sin  \P.-TP.  cos  ip.)] 
+  MFUs  +  MhUBf'^^HU8r"*‘  QtR 
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"Finally,  the  aerodynamic  yawing  moment  equation,  NA , 
about  body  2-axis  can  be  expressed  as  follows: 

Na  =  ”^xf{|_Dfcos (a-€F)-(LFcos  A,F-YF  sin  A|p) sin  (a-*F)jsin /3S 
-(LFsin  A|f+Yf  cosA|f)cos/3s| 

-JYf{[-Dfcos  (a-€F)  +  (LFcos  A,f-Yf  sin  A,F)sin(a-€F)jcos/3s 
— (LFsin  Ajf+  Yf  cos  A  |p)  sin/3s| 

“*xR{  [drCOS  (a-cR)-(LR cos  A|r+Yr  sin  A1r)  sin  (a-cR)]  sin  £s 
—(LRsin  A,r-Yr  cos  A,r)  cos  /3s| 

-IYr{  [-DrCOS  (a-€R)  +  (Lrcos  AIr+  Yr  sin  AIr)  sin  (a  -€R)J  cos/3s 
—  (l_Rsin  A,r-YrcosA1r)  sin  £sj 
~^*w[DwC0S  (a-€w)-Lwsin  (a-€w)j  sin /3S 
”^Yw[Lwsin(a-€w)-Dwcos  (a-€w)  j  cos/3s 

-  4T[DTcos(a-€T)-LTsin  (a-cT)  j  sin  y3s 
-<YT£l_Tsin  (a-€T)-DTcos  (a-eT)  jcos/5s 
-JXvt[dvtcos  (a-€v7)  sin  /3s  +  LVTcos  03] 

-^yvt[-Dvtcos  (a-c^cos  /3S  +  LVTsin  /3sj 

”^XTr{  [^TRC0S^a"€TR^_YTRS'r,^a"€TR^]  sin/^S_  YTRCOS/3s| 

+  ^ytr{  [YTRs,n^a"€TR^“DTRcos(a-€jR)  jcos^s“Y  tr  si'n  /3$| 

"*"•?!  [^xpj^pi  ”^YPi^pi  cos  'pi~^pi  s'n  'p^]  +  Nfus+Qf-Qr 
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11.1.3  The  Final  Equations  of  Motion 

The  final  equations  of  motion  can  now  be  written  as 
summations  of  all  aerodynamic,  gravitational  and 
inertia  forces  and  moments  along  and  about  the  body 
axes  as  follows: 


*  =  W  xr  0 

(46) 

Y  =  YAt6-V1  =0 

(47) 

Z  -  ZA+Q-Zj  -  0 

(48) 

il 

> 

1 

(1 

o 

(49) 

it 

i 

+-* 

ii 

o 

(50) 

N  =  Na  -  Nx  =  0 

(51) 

Substituting  the  expressions  for  aerodynamic,  gravita¬ 
tional,  and  inertia  forces  and  moments  presented  above 
into  equations  (46)  through  (51)  yields  the  final 
generalized  equations  of  motion  of  completely  arbitrary 
aircraft  geometry.  These  equations  derived  for  the 
t  aircraft  body  svstem  of  axes  are  presented  in  Section 

1  4.0. 

t 
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